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Chapter 1

Introduction

This thesis considers fluid-structure interaction, more specifically, the interaction between
water waves and very large floating structures. A solution is derived for different problems
of the hydroelastic motion of a very large floating structure in water waves. In this chap-
ter the general introduction, literature survey and outline of thesis are given. First, the
background of the fluid-structure interaction problem is presented. The concept of floating
structures and their possible applications are described. A literature survey then gives the
information about problems studied by researchers and engineers, methods developed, and
results derived. Also, through the literature survey an overview is given of what has been
already done in the analysis of very large floating structures and what problems remain.
Next, the general problem, theories used and the main objectives of our study are given.
Further, this introduction describes the direction of analysis and the method developed, and
briefly reviews the mathematical operations applied. The information about six problems
considered in the thesis is given.

1.1 The need for space

Buy land. They’ve stopped making it.
Mark Twain, XIX century.

N.B. Production is resumed.
VLFS researchers, XXI century.

Wanted! A comfortably-appointed, well-drained desert
island, neighbourhood of South Pacific Ocean preferred.

Jerome K. Jerome, Three Men in a Boat.

Seen from space, the Earth looks like a blue colored planet with constantly moving
swirls of clouds of Earth’s everchanging weather. The Earth is mostly blue because the
main part of its surface is covered by oceans, seas, lakes, rivers, etc. The Earth’s land
surface measures 148,300,000 square kilometers, while the total area of the Earth’s surface
is 510,083,000 square kilometers. Thus the water surface area takes up 70 percent of the
Earth’s total surface area; the land only 30 percent, less than one third of the entire
surface. We have only a very small part of the Earth to live on.

1



2 CHAPTER 1. INTRODUCTION

In the twentieth century, humanity ran into a new problem: lack of land. Now, in
the beginning of the third millennium, this problem is becoming serious, with the fast
growth of the Earth’s population and corresponding expansion of industrial development
and urban agglomeration. Countries such as Japan, China, Korea, the Netherlands, and
Belgium have a very high population density. Many other countries in Europe and Asia
are approaching the same density.

Many developed island countries and countries with long coastlines in need of land
have for some time now been successfully reclaiming land from the sea to create new
space and, correspondingly, to ease the pressure on their heavily-used land space. The
Netherlands, Japan, Singapore and other countries have expanded their areas significantly
through the land reclamation works. Such works are, however, subject to constraints, such
as the negative environmental impact on the coastlines of the country and neighboring
countries and marine ecological system, as well as huge economic costs in reclaiming land
from deep coastal waters, especially when the sand for reclamation has to be bought from
other countries [143]. Also, land reclamation is a good solution only for rather shallow
waters with a depth of no more than 20 meters.

In response to the aforementioned needs and problems, researchers and engineers have
proposed an interesting and attractive solution — the construction of very large floating
structures (VLFS for short). These offshore structures can be located near the shore as
well as rather far into the open sea. Very large floating structures, their behavior in and
response to water waves (in other words, a hydroelastic analysis of the VLFS) are the
main topics of this thesis.

1.2 Very large floating structures

Very large floating structures (or, as some literature refers to them, very large float-
ing platforms, VLFP for short) can be constructed to create floating airports, bridges,
breakwaters, piers and docks, storage facilities (for instance for oil), wind and solar power
plants, for military purposes, to create industrial space, emergency bases, entertainment
facilities, recreation parks, mobile offshore structures and even for habitation. Actually,
the last could become reality sooner than one may expect: already different concepts have
been proposed for building floating cities or huge living complexes.

VLFSs may be classified under two broad categories [143], namely the pontoon-type
and the semi-submersible type. The former type is a simple flat box structure and features
high stability, low manufacturing cost and easy maintenance and repair. In open sea,
where the wave heights are relatively large, it is necessary to use the semi-submersible
VLFS type to minimize the effects of waves while maintaining a constant buoyant force.
VLFSs of the semi-submersible type are used for oil or gas exploration in sea and other
purposes. They are fixed in place by column tubes, piles, or other bracing systems.

In contrast, the pontoon-type VLFS just floats (lies) on the sea surface. The
pontoon-type VLFS is very flexible compared to other kinds of offshore structures, so
that the elastic deformations are more important than their rigid body motions. Thus,
hydroelastic analysis takes center stage in the analysis of the pontoon-type VLFSs. To-
gether with the motion of the floating structure, the response of the structure to water
waves and the impact on the entire fluid domain have to be studied.
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Pontoon-type VLFSs are also known in the literature as mat-like VLFSs because of
their small draft in relation to the length dimensions. Very large pontoon-type floating
structure is often called Mega-Floats. As a rule, the Mega-Float is a floating structure
having at least one length dimension greater than 60 meters. Horizontally large floating
structures can be from 500 to 5000 meters in length and 100 to 1000 meters in width,
while their thickness can be of the order of about 2—10 meters.

The largest offshore structure built so far is the Mega-Float, a floating runway proto-
type constructed in Tokyo Bay, which is shown in figure 1.1. The information about this
structure is given in subsection 1.2.4. Other proposed and already existing VLFSs and
their possible applications are described in subsection 1.2.2.

Figure 1.1: The Mega-Float, a floating airport prototype, Tokyo Bay, Japan.

Unlike the top surface of vessels, that of a VLFS is used as the ground, and therefore
the floating structure should provide a very large surface area. It can be constructed
by joining the necessary number of floating units together. The design of the floating
structure must obey safety and strength requirements, operating conditions, etc. Steel,
concrete (prestressed or reinforced hybrid) or steel-concrete composite materials may be
used to build the floating structure. The motions of the floating structure must be less
than those allowed to ensure the safety of people and facilities on a VLFS. Generally,
floating structures shall be moored at the same site for a long time.

In the next subsection the advantages and disadvantages of VLFSs are discussed.

1.2.1 VLFS: pro et contra

Very large floating structures have the following advantages over traditional land recla-
mation:
– they are easy and fast to construct (components may be made at shipyards and then be
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transported to and assembled at the site), thus, the sea space can be quickly exploited;
– VLFSs can easily be relocated (transported), removed, or expanded;
– VLFSs are cost effective when the water depth is large;
– the construction of VLFSs is not greatly affected by the depth of the water, sea bed
profile, etc.;
– the position of VLFSs with respect to the water surface is constant; hence VLFSs can
be used for airports, piers, etc.;
– they are environmentally friendly as they do not damage the marine ecological system,
or silt up deep harbors or disrupt the ocean/sea currents;
– the structures and people on VLFSs are protected from seismic shocks since the energy
is dissipated by the sea.

However, the pontoon-type floating structure is only suitable for use in calm waters,
associated with naturally sheltered (by islands and peninsulas) coastal formations, often
in bays, lakes or sea areas near the shoreline. To reduce the impact of waves on pontoon-
type VLFS, breakwaters are usually constructed nearby. Also special anti-motion devices,
anchoring or mooring systems can be used to stabilize the behavior of the VLFSs.

The very large floating structure is a reliable structure. The interior of the VLFS
is divided into many buoyancy air chambers; hence, even if water leaks into one or two
chambers, the neighboring chambers will provide sufficient buoyancy for the complete
structure.

In contrast to ship behavior in waves, the VLFS, due to its large dimensions, covers
many cycles of wave crests and wave troughs, causing the waves to cancel each other
out, and it is therefore not affected by the movement of waves under it. A very small
local deflection phenomenon, which is obscured by overall movement in the case of ships,
occurs in the structure. This phenomenon, known as elastic response, is an oscillatory
propagation of local deflection caused by waves from one end of the floating structure
to the other and studied in this thesis. The movement caused by this phenomenon is so
slight that it can hardly be noticed; nevertheless it must be investigated to ensure the
functionality and stability of the offshore structure.

The safety design of the VLFS obeys the multistage reliability principle, see [104]:
the measures required against airplane accidents and extreme marine and meteorological
conditions. Floating unit joining, floating execution and environmental assessment tech-
nologies, safety regulations, trends of development of new technologies are described in,
e.g., [104, 143].

The lifetime of floating structures of the proposed concepts is about 100 years (at least
50 years), so the structure can be used for a very long time (with maintenance if any is
needed).

Various measurements were done to study the impact of a VLFS on the marine eco-
logical system. The results showed that the installation of a VLFS has only a small effect
on the natural ecosystem.

The overview of VLFSs constructed worldwide and those proposed is given in the next
section. Further, subsection 1.2.3 describes the basic concept of a VLFS system.
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1.2.2 Existing and proposed VLFSs and their applications

Very large floating structures have already been used for different purposes for quite some
time in Japan, Canada, Norway, USA, UK, Brazil, Saudi Arabia, and Vietnam. China,
Korea, Israel, the Netherlands, Germany, New Zealand, and Singapore are going to do
so in the near future. Here we give a brief overview of already completed VLFSs and
describe the most interesting proposed VLFS applications.

Japan, the world’s leader in constructing VLFSs, constructed the Mega-Float [157,
158, 47, 104], a VLFS test model for floating airport terminals and airstrips in Tokyo
Bay. Also in Japan, recently the following offshore structures have been constructed: the
floating oil storage systems Kamigoto and Shirashima, the Yumemai floating swing bridge
in Osaka [140], the floating emergency rescue bases in Yokohama, Tokyo and Osaka, and
floating bridges, piers, amusement facilities, and many other offshore structures. The
Mega-Float is shown in figure 1.1 and the Kamigoto Oil Storage Base in figure 1.2.

Figure 1.2: Kamigoto Floating Oil Storage Base, Nagasaki Prefecture, Japan.

Canada built a floating heliport in Vancouver and the Kelowna floating bridge. Norway
has the Bergsøysund floating bridge and the Nordhordland bridge, which has a floating
part. The United States has the floating bridges in Washington state. The United King-
dom, Saudi Arabia, Brazil and other countries also use floating structures for bridges and
other purposes. The ’previous generation’ of VLFSs are ships moored to the shore or
reefs and are widely used in various countries. There are many proposals concerning the
design, use and purposes of newly constructed VLFSs.

The earliest application of the pontoon-type VLFS is the pontoon (floating) bridge
[144, 159]. Watanabe et al. [141, 144] described the history and worldwide development
of floating bridges. The most famous bridges constructed in different countries are: the
Galata Floating Bridge (1912) in Istanbul, the First (1940), the Second (1963), and the
Third Bridge (1989, Lacey Murrow), on Lake Washington, and Hood Canal Bridge (1961)
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near Seattle in Washington state, the Kelowna Floating Bridge (1958) in British Columbia,
Canada, the Bergsøysund Bridge (1992) and the Nordhordland Bridge (1994) over the
deep fjords in Norway, a West India Quay Footbridge in the Docklands, London (1996), the
Admiral Clarey Bridge in Hawaii (1998), Seebrücke (2000) in Saxony-Anhalt, Germany, a
new swing floating arch bridge, Yumemai Bridge, in Osaka (2000), and pontoon bridges on
the rivers Amudarya and Syrdarya rivers in Uzbekistan and Turkmenistan (1989–2005).
Also, floating bridges were built in Austria, France, India, the Netherlands (Antilles),
Russia, etc. A complete list of the pontoon bridges still in use and demolished can be
found at [159].

Figure 1.3: Yumemai floating bridge, Osaka, Japan.

The Yumemai Bridge [140, 151] shown in figure 1.3 was constructed to connect the
reclaimed islands Yumeshima and Maishima across the North Waterway in the Port of
Osaka. The bridge is a movable floating arch bridge standing on two floating pontoons,
which can swing around the pivot with the assistance of tugboats. It has a total length
of 940 meters with a floating part length of 410 meters and a width of 38.8 meters for six
traffic lanes.

In addition, large floating offshore structures can also be used for floating docks,
piers and container terminals. Many floating docks, piers, and berths are already in
use. Floating piers have been constructed in Hiroshima, Japan, and Vancouver, Canada.
In Valdez, Alaska, a floating pier was designed for berthing the 50000-ton container ships.
The main advantage of a floating pier is its constant position with respect to the waterline.
Thus, floating piers allow smooth loading and unloading of cargo because of the equal
tidal rise and fall of the pier and ship/ferry. Floating docks have been constructed in the
USA and other countries. In case of rather deep water, floating structures are a good
alternative to traditional harbor facilities. Research on floating harbor facilities, their
design and analysis is going on in many countries [144].

One of the applications of very large floating structures is the floating storage fa-
cility. VLFSs have already been used for storing fuel. An offshore oil storage facility
is constructed like flat box-shaped tankers connected to each other and to other compo-
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nents of the VLFS system, as shown in figure 1.2. Japan has two (the only two in the
world so far) floating oil storage systems: Kamigoto (1990, near Nagasaki) and Shirashima
(1996, near Kitakyusyu) with a capacity of 4.4 and 5.6 million kiloliters, respectively. The
Kamigoto Oil Storage Base, figure 1.2, is the first oil storage base of the floating type. It
consists of five huge connected barges, each having a capacity of 880 thousands kiloliters,
moored with large dolphins and rubber fenders. Complete information on the design,
experiments and mooring of the oil storage bases is given, e.g., in [151].

As floating structures are well protected from seismic shocks and can be moved, they
can be used as convenient and functional floating emergency bases. Three Floating
Disaster Prevention Bases were completed in Japan in 2000 in bays near Yokohama (Tokyo
Bay), Osaka (Osaka Bay) and Nagoya (Ise Bay). All the bases have mooring facilities,
a heliport, interior storage spaces for cargo, and a track crane. Three bases are of the
movable type and used as floating piers at normal times. Specifications of the floating
rescue bases can be found in [151, 144].

Floating plants are also possible applications of VLFSs. There are proposals to
use VLFSs for wind and solar power plants [120, 122] and studies on this are already
underway. The Floating Structure Association of Japan has presented concept designs of
a clean power plant. Floating power plants for various types of energy are already being
used in Brazil, Japan, Bangladesh, Saudi Arabia, Argentina, and Jamaica.

Certainly, VLFS can also be used for floating entertainment facilities. Very large
floating structures of different dimensions and design are and can be used for hotels,
restaurants, shopping centers, amusement and recreation parks, exhibition centers, the-
aters, cinemas, fishing piers, etc. VLFSs having been or being constructed are for example
the Aquapolis exhibition center in Okinawa (1975, already removed), the Floating Island
near Onomichi, and another one resembling the Parthenon near Hiroshima, all in Japan,
and floating hotels in Australia, Vietnam and North Korea, floating restaurants in Japan,
Hong Kong, Russia, Ukraine and other countries. An attractive panoramic view is one of
the advantages floating entertainment facilities offer.

One of the most attractive applications of a VLFS is the floating airport. For some
time now, scientists and engineers have been studying the possibility of constructing a
floating airport in coastal waters. With the growth of cities and increase in air traffic,
there is a need for airport expansion. In Asia, great progress is being made in construct-
ing airports or airport facilities in the sea. Kansai International Airport (1994), Osaka,
Japan, is the first airport in the world completely constructed in the sea, although on an
artificial island. Airports with runways on reclaimed islands in the sea are Chek Lap Kok
International Airport (1998), Hong Kong, China; Incheon International Airport (2001),
Seoul, Korea; Changi airport, Singapore; and Central Japan International Airport (Cen-
trAir, 2005), Nagoya. Kobe Airport, Japan, will finish construction of runway in the
sea in 2006, Haneda Airport, Tokyo, Japan, has decided to build one soon. However,
the intensive research on floating airports is continued in Japan (Tokyo, Osaka), USA
(San Diego) and many other countries. In the past, military engineers have constructed
floating airfields for temporary use consisting of connected pontoons, and nowadays, re-
search is being conducted going on the floating airport for military purposes. The first
large runway constructed was the Mega-Float, figure 1.1; further information is given in
subsection 1.2.4.

Henceforward in the thesis, we will mainly consider floating platform with the dimen-
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sions and other parameters required for the floating airport. Floating helicopter ports
have already been constructed in Vancouver, Canada and other places.

The very large mobile offshore structure (VLMOS) is the ’next generation’ of
very large floating structures. Another name for VLMOS is mobile offshore base (MOB).
VLMOSs can also be used for different purposes in the sea, and their mobility is their
main advantage compared to other sea-usage solutions. In Japan, proposals have been
made to use VLMOSs for disaster prevention bases [151], wind and solar power plants
[120, 122], while the Office of Naval Research, USA, initiated studies in order to provide
logistic support for military operations when fixed bases are not available.

In response to Mark Twain and Jerome K. Jerome (see the beginning of this chapter),
we may say that floating cities are not only dreams in the beginning of the third mil-
lennium. Perhaps, already in the 21st century, the first floating city/cities will become
a reality. Architects and engineers have recently proposed different configurations and
designs for floating cities. There are proposals/projects of the Japanese Society of Steel
Construction, of the Nishimatsu and Shimizu corporations [144] in Japan, the Seasteading
Project in the USA and plans of other companies/institutions.

Thus, already a lot of VLFSs are being used for various purposes, but even more
applications have been proposed for use in the future. The major floating structures
proposed or constructed up to now are also described in [144, 151].

1.2.3 VLFS system

Figure 1.4: VLFS system.

The components of the VLFS system (general concept) are shown in figure 1.4. The
VLFS system consists of: the very large (mat-like) floating structure (1) itself; an access
bridge or a floating road to the floating structure from the shore (2); a mooring facility to
keep the floating structure in a specific place (3); and a breakwater (4) for reducing the
impact of wave forces on the floating structure (usually needed if the wave height is greater
than 4 meters), which can be floating as well; structures, facilities and communications
(5) located on a VLFS. For a real large offshore structure, Kamigoto Oil Storage Base,
all the components are shown in figure 1.2.
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1.2.4 Mega-Float

The Mega-Float, a floating airport model, was completed in 1998-99 near Yokosuka in
Tokyo Bay, where it has been used till the end of 2000. The Technological Research As-
sociation of Mega-Float, a consortium of 17 Japanese companies, carried out the research
and development of Mega-Float during the six-year period from 1995 to 2000 [157, 104].
The principal dimensions of Mega-Float shown in figure 1.1 are: length 1000.0 m, breadth
60.0 m (121.0 m maximum), depth 3.0 m, draft 1.0 m, deck area 84,000 m2, weight of steel
materials used 40,000 t, deck strength 6 t in distributed load.

The Mega-Float is the world’s largest floating object ever built, in particular the
largest artificial floating island. It consisted of six units, which were welded into one huge
structure of 1000 m in length and 60 m (partially 121 m) in width. The largest unit of
the structure was 383 m x 60 m. The Mega-Float was constructed to verify taking off
and landing tests with use of rather light aircraft, and to verify commercialization. All
reports of the tests show that the results are even better than expected. The platform
has behaved very stably, with basically no movement caused by waves or planes landing
or taking off. The unit was constructed of steel with walls or pillars inside a box structure
designed for a lifetime of 100 years.

Additional information about the Mega-Float can be found in papers and overviews
[47, 104, 157, 158]. Although the Mega-Float has been used to land (small) planes on,
its size is only about a quarter of the real proposed airport runway. The floating runway
proposed for Tokyo International Airport Haneda has a length of 3600 m. The name
introduced in Japan for such structures is ultra large floating structure.

1.3 Literature survey

This survey covers books, papers, reports and abstracts that both give the basic theory
for wave propagation and diffraction and study the interaction between floating bodies
and water waves and related problems. Different methods used for the problem are
described, for example VLFS models and shapes, wave and other forces, mooring systems,
breakwaters, anti-motion devices, and sea bed profiles. Also, we review what has been
done already, what is currently being investigated and the future directions to study for
the problem of interaction between the water waves and VLFSs.

Fluid-structure interaction is not a new problem of hydrodynamics. In fact, there are
two categories of this problem: the interaction between large floating structures and water
waves, and the interaction between large ice fields and surface waves. Ice-water interaction
problems can be solved with the use of the approaches applied for VLFS analysis, using
the physical properties of ice instead of those of the platform.

Since the pioneering works of John [48, 49] and Stoker [107] on the motion of a floating
rigid thin plane slab, plate-water interaction has been intensively studied by many authors
across Europe, Asia, America and Oceania: in Japan, the Netherlands, Russia, the United
Kingdom, the United States, New Zealand, China, India, Korea, Greece, Norway and
other countries. Kashiwagi [52] presented a review of the most recent (at that time)
studies on the prediction of hydroelastic responses of the VLFS. Recently, Watanabe
et al. [143, 144] presented very detailed surveys on the research work on pontoon-type
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VLFSs. The numerous publications reported in offshore structures/VLFS conference
proceedings, journals, books and websites confirm the interest in and importance of these
structures to engineers and scientists. Many papers on the analysis of very large floating
structures were published in the following international journals: Applied Ocean Research,
Engineering Structures, Journal of Engineering Mathematics, Journal of Fluid Mechanics,
Journal of Fluids and Structures, Marine Structures, Ocean Engineering, Wave Motion;
in the Proceedings of the International Workshops on Water Waves and Floating Bodies
(IWWWFB) [156], International Offshore and Polar Engineering Conferences (ISOPE)
[155] and other conferences, workshops and seminars. Also, many publications about
VLFSs have been published in non-scientific or scientific-popular journals and newspapers
and on the internet. Thus, the attention to and interest in the problems of the behavior
of floating plates in waves has recently increased.

Compared to its horizontal parameters the thickness of the very large floating structure
is small and therefore the structure may be modelled as a thin elastic plate. The water
depth plays an important role in this kind of problem, and the theory is divided into
three cases: very deep water (depth is considered as an infinite value), water of finite
depth, and shallow water. This field of hydrodynamics, fluid-structure interaction, has
well been studied by numerical approaches while some difficulties in analytical study
remain, especially for the case of finite depth.

To start with the survey, we will refer to the most famous books of hydrodynamics
which are commonly used in fluid-structure interaction research. These are: ”Hydrody-
namics” by Lamb [64], which gives general information about hydrodynamics; ”Water
Waves” by Stoker [107], describing water waves and their interaction with floating ob-
jects; ”Surface Waves” by Wehausen and Laitone [146], which treats the various problems
of fluid motion; ”Marine Hydrodynamics” by Newman [88], which describes wave motion
and deals with various problems of hydrodynamics. For the thesis we used the following
parts of the theory presented in the aforementioned books. The theory of and solution
examples for plates floating on shallow water are given in [107]. Basic theory, equations
and conditions for finite and infinite water-depth models are described in [88]. For the
equations of wave motion and a description of the Green’s functions involved we will re-
fer to [146]. With the pioneering works [48, 49, 107, 146, 88], the full three-dimensional
hydroelasticity theory can be derived to proceed further with VLFS analysis. In the first
works on VLFS analysis the Green’s function method was used to model the fluid, and
the finite element method to model the VLFS.

In addition, we have to mention the following books on hydrodynamics and fluid
mechanics [59, 65, 66, 69, 99, 102, 147] that give basic theory, equations and describe
wave propagation, diffraction and radiation in fluids. Also, the general books on wave
propagation, diffraction and scattering [12, 22, 23, 50, 58, 67, 72, 106] should be listed
in our survey. The famous works on theory of plates [34, 57, 71, 80, 124, 125] are used
when we model VLFS as a thin elastic plate and, further, when plate motion must be
described. Also, basic and specific mathematical literature is used for VLFS analysis, viz.
[1, 20, 21, 33, 67, 73, 83, 84, 89, 112, 123, 131, 137, 145]. All of the aforementioned books
are referred to in the thesis.
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1.3.1 VLFS analysis and basic assumptions

In the hydroelastic analysis of VLFSs of the mat-like type, usually the following assump-
tions are made [88, 107, 143, 144, 146]:
– the VLFS is modelled as a thin elastic (isotropic/orthotropic) plate with free edges;
– the fluid is ideal, incompressible, inviscid, the fluid motion is irrotational, so that the
velocity potential exists;
– the amplitude of the incident wave and the motions of the VLFS are both small, and
only the vertical motion of the structure is considered;
– there is no gap (any space) between the VLFS and the free surface of the fluid;
– the sea bottom is assumed to be flat.

We will use these assumptions in this thesis. The VLFS will be modelled by a thin
elastic isotropic plate; in principle, our method can be extended to an anisotropic plate.
The governing equations and boundary conditions for the VLFS analysis are given in
detail in sections 2.2–2.4. The origin of the coordinate system is on the undisturbed free
surface, and z-axis is pointing upwards.

The main aim of the problem is to determine the deflection of the VLFS under the
action of wave forces. Also, the hydroelastic response of the VLFS is often studied to
measure the influence of the floating structure on water waves.

The analysis may be carried out in the frequency domain or in the time domain. More
often, the hydroelastic analysis is carried out in the frequency domain. However, for
transient responses and for nonlinear equations of motion due to the effects of a mooring
system or nonlinear wave, it is necessary to perform the analysis in the time domain.

1.3.2 Methods

There are many approaches for problems of interaction between VLFSs and surface water
waves. Two commonly used basic methods for the analysis of VLFS in the frequency
domain are the modal expansion method and the direct method. In detail, we can dis-
tinguish the following approaches: the eigenfunction expansion method with numeric
determination of the eigenfunctions [56, 98, 149]; the asymptotic theory for short waves
[12, 91]; the geometrical-optics approach [41, 42, 43]; and the corresponding ray method,
e.g., [116, 118] and, furthermore, the parabolic approximation method [117, 119, 95]; the
variational equation method [78]; the Wiener-Hopf technique [30, 126, 127, 128, 129, 130];
the Galerkin method [51]; the accelerated Green’s function method [135]; the boundary
element method [40]; the finite element method; the hybrid FEM–BEM method [103]; the
higher-order-coupled BEM–FEM method [138]; the fast multipole method [136], etc.

The modal expansion method consists of separating the hydrodynamic analysis and
the dynamic response analysis of the plate, as was done by Mei and Black [76]. The
deflection of the plate with free edges is decomposed into vibration modes that can be
chosen arbitrarily. In this regard, researchers have adopted different modal functions such
as products of free-free beam modes [51, 86, 134, 149], of a vibration of a free plate [77, 78],
Green’s functions [28], B-spline functions [51], two-dimensional polynomial functions, and
finite element solutions of freely vibrating plates. The hydrodynamic radiation forces are
evaluated for unit amplitude motions of each mode. The Galerkin method, by which the
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governing equation of the plate is approximately satisfied, is used to calculate the modal
amplitudes, and the modal responses are collected to obtain the total response. The
eigenfunction expansion method was also used to study the behavior of the floating struc-
tures amongst others, in [56, 98]. The modes may be of the dry or wet type. While most
researchers use the dry-mode approach because of its simplicity and numerical efficiency,
some studies use the wet-mode approach, e.g., [38].

In the direct method, the deflection of the VLFS is determined by solving the equations
directly without expanding the plate motion into eigenmodes. The solution can be derived
for both a two-dimensional geometry and a three-dimensional geometry. Mamidipudi and
Webster [74] pioneered this direct method for a VLFS. In their solution procedure, the
potentials of the diffraction and radiation are established first, and the deflection of VLFS
is determined by solving the combined hydroelastic equation using the finite difference
scheme. Applying the pressure distribution method, the equation of motion can be solved
using the finite element method.

Ohkusu and Namba [91, 92] proposed a different type of direct method. Their approach
is based on the idea that the thin plate is part of the free water surface but with different
physical characteristics than those of the free surface. The problem is considered as a
boundary value problem [33] in hydrodynamics rather than a problem of determining
the elastic response of the body to hydrodynamic action. This approach was used to
analyze similar problems of two-dimensional ice floe dynamics by Meylan and Squire [77]
and of a circular floating plate by Zilman and Miloh [153]. The deflections are estimated
from the resulting velocity potential. The advantage of this method is that a closed-form
solution may be obtained in the case of shallow water. For shallow water, the solution
can be obtained with the approximation theory of Stoker [107], who derived the matching
conditions along vertical boundaries in the fluid domain.

In the direct method of Kashiwagi [51], the pressure distribution method is applied and
the deflection is derived from the vibration equation of the structure. In order to achieve
high accuracy in a very short wavelength regime as well as short computational times,
he uses bi-cubic B-spline functions to represent the unknown pressure and the Galerkin
method to satisfy the body boundary conditions. The principal difference between the
modal superposition method and the direct method lies in the treatment of the radiation
motion for determining the radiation pressure.

The asymptotic theory for short waves has been described by Babich and Buldyrev
[12] and is applied for VLFS analysis by Ohkusu and Namba [91]. Tkacheva [126, 127, 128,
129, 130] have solved various problems of plate-water interaction using the Wiener-Hopf
technique [89, 83]. Meylan developed the variational equation method [78].

Hermans solved the problem of diffraction of incident surface waves on the floating
flexible plate using the geometrical-optics approach (GOA) [41, 42, 43], while Takagi
solved the problem using the corresponding ray method [116]. Takagi [117, 119] and
Takagi and Nagayasu [118] improved the ray method by introducing and applying the
parabolic approximation for plate-water interaction. The basic ideas of geometrical optics
can be found in [12, 13, 58, 67, 72]. The VLFS hydroelastic motion is treated in the GOA
or ray theory as wave propagation in the plate. The wave field around and in the floating
plate is represented as a summation of the wave rays. We will use an asymptotic theory
of the geometrical optics approach, which is discussed in section 1.5.

The corners of a VLFS (when a structure of finite extent is considered) are singular
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points if the ray theory is applied. The corner effect was found to be inversely proportional
to the square root of the distance from the corner; therefore, the corner effect is restricted
to the (plate) area around the plate corner points. The wave amplitude can be changed
essentially along a ray which passes the corner, but Takagi [117, 118, 119] found that this
may be overcome by the parabolic approximation method. In chapter 6 we also will use
the ray method for the quarter-plane problem.

Many numerical techniques were proposed by other researchers in the last ten years,
so many experimental studies have been carried out, e.g., [68, 96, 103].

The commonly used approaches for the time-domain analysis of VLFS are the direct
time integration method and the method that uses Fourier transforms, e.g., [29]. In
the direct time integration method, the equations of motion are discretized for both the
structure and the fluid domain. In the Fourier transform method, first the frequency
domain solutions are obtained for the fluid domain and then the results are inserted into
the differential equations for elastic motion.

1.3.3 Water depth models

There are three different models (cases) of water depth in hydrodynamics: infinite water
depth (IWD), finite water depth (FWD), and shallow water depth (SWD) models. Cor-
respondingly, when the fluid-structure problem is under consideration, one of the three
models must be used. For the first and third cases, approximation theories were devel-
oped, while the finite water depth model is the general case (which is also most difficult
to study analytically). In fact, the infinite and shallow depth cases are the limiting cases
of the finite water depth theory. Taking the limits infinity and zero for the depth, we
arrive at the IWD and SWD models, respectively. Main works on wave propagation and
diffraction for ’infinitely’ deep water were produced by Kochin [59], for water of finite
depth by John [48, 49], and for both infinite and finite depth by Wehausen and Laitone
[146] and later by Newman [88]. Shallow-water problems are treated by Stoker [107], who
derived the approximation theory for the case of shallow depth.

For the problems for floating bodies in water waves solved for the IWD, see, e.g.,
[77, 40, 126, 119, 127, 98]. The FWD case is treated, for example, in the following
papers [75, 32, 15, 115, 41, 78, 5, 31, 130, 44, 101, 121]. Sometimes, authors solve a
problem for the IWD case first and then improve/extend their technique to the FWD
case, e.g., [8, 9, 37]. For the problems in the SWD case, solutions were derived in, e.g.,
[30, 92, 95, 153, 108, 109, 132], mainly using Stoker theory. In [4, 5], the solution for the
general shapes of the VLFP is derived for all three depth models.

In the next chapter we will describe three water depth models. The problems treated
in the thesis are solved for all models; analytical and numerical results obtained are
compared. However, the case of finite depth is of main interest for us. Using this model,
problems for any depth may be solved exactly.

1.3.4 Related problems and applications

Very large floating structures have many different possible applications. Therefore, dif-
ferent research is underway to study, for instance, the effect of aircraft landing on and
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taking off from the floating structure, the effect of different loads on VLFS, the problems
of several connected or disconnected floating structures, etc.

Analytical studies of planes landing on or taking off from VLFSs were carried out and
presented, e.g., in [29, 37]. Translating load applied on the floating structure has been
investigated by Yeung and Kim [150]. The case of an external load on a platform floating
in shallow water has been studied by Sturova [110, 111].

Recently studies were presented for alternative concepts of the floating structure. For
instance, Pinkster et al. [100] and Guéret and Hermans [36, 37] have studied the motion
of air-cushioned VLFP and compared their results to those for the usual mat-like VLFP.
A pneumatic floating platform was considered by Cheung et al. [18]. The buoyancy force
to carry the weight of the structure is provided by air pressure acting on the underside of
the deck. The trapped air introduces a compressible element between the platform and
the water that might modify the dynamic characteristics of the system.

Usually, VLFSs are modelled by flat thin plates having constant thickness, and the sea
bottom is assumed to be flat so that the depth remains constant in the region underneath
the plate. If the VLFS is located near the coastline, the shallow water depth usually varies
at the very shallow end near the shore. A changing water depth and seabed topography
affect the wave parameters, such as the wavelength, wave height, wave direction, wave re-
flection, radiation and scattering forces. However, some researchers have already modified
theories for a realistic non-uniform sea bed and a non-flat VLFS bottom surface. Takagi
and Kohara [116] studied the problem of the VLFS’s hydroelastic motion with changing
water depth. Murai et al. [85] have developed a prediction method which includes the
topographical effects of the sea bed to extend the eigenfunction expansion method. Porter
and Porter [101] have derived the solution for a plate of variable thickness floating on a
fluid of variable depth for the case of finite water depth. Athanassoulis and Belibassakis
[11, 16, 17] have studied the effect of variable depth on floating structures. Varying water
depth and sea bed topography was also studied by other authors, see [143] for details.

VLMOS is abbreviation of very large mobile offshore structure (the next generation
of VLFSs), which can also be used for different purposes in oceans/seas. In Japan, for
instance, there are proposals to use VLMOSs for power plants — for wind or solar power
conversion [120, 122, 144]. These structures are very convenient to use, but their moving
increases the complexity of analysis. The first step of the analysis might be taking zero
speed of mobile structures with the following extension of the technique derived.

The VLFSs can also be used for military purposes, ocean exploration [14], meteorology,
and studies on regarding these applications have been carried out.

The problem of interaction between fluids and structures not only includes the hy-
droelastic motion of VLFS. For a long time researchers have studied the behavior of large
ice sheets or fields in water waves. Nowadays, in principle, VLFS studies and approaches
can be applied to study ice-water interaction and vice versa: one may use the results of
ice studies for VLFS analysis. In general, these two problems are very close to each other,
and hence, all VLFS studies have this second application.

The different information about the motion of ice fields, reflection and transmission of
incoming waves can be found in [15, 27, 30, 32, 35, 70, 77, 101, 105]. There are different
techniques used for this problem, including the eigenfunction method, the Wiener-Hopf
technique and many others.

The diffraction of waves is not a new subject at all. It has been studied intensively, for
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instance, in optics, acoustics, electromagnetism, etc. Hence, studies on the diffraction of
various kinds of waves on objects can be used when considering the plate-water interaction
problem, e.g. [50, 58, 62, 63, 67, 72, 106].

Literature surveys of Watanabe et al. [143, 144] and Kashiwagi [52] also give informa-
tion about the many different approaches used for the hydroelastic analysis of VLFS.

1.3.5 VLFS models and shapes

In this subsection we discuss the different shapes of very large floating structures and
their models proposed and analyzed by researchers and engineers worldwide.

Mainly, the mat-like VLFS is modelled as a thin plate. There are three well-known and
commonly-used plate theories, namely, the Kirchhoff (also known as Gehring-Kirchhoff
or Kirchhoff-Love) theory [34, 57, 71], the Timoshenko (or Timoshenko-Reissner) theory
[124, 125], and the Mindlin theory [80].

Most researchers apply the Kirchhoff plate theory for the problem considering the
isotropic thin plate, see [5, 8, 9, 10, 51, 55, 56, 78, 91, 115, 128, 153]. Kirchhoff’s as-
sumptions and theory are described in section 2.3. The plate freely vibrates on the water
surface, i.e. it has free edges. For a refined analysis that includes varying plate mass and
stiffness, the VLFS is modelled as an orthotropic plate, for example in [43, 74]. To obtain
accurate stress resultants, the first-order shear deformation plate theory of Mindlin [80]
has been used [38, 139, 142]. Some researchers model the VLFS as a floating beam. Such
a model may be suitable for a ship, but it does not properly describe the two-dimensional
action of the pontoon-type VLFS.

VLFSs have also been modelled as a module linked floating structure, as a two-
dimensional articulated plate, as a plane grillage mode, as sandwich grillage model, etc.

In principle, the floating structure may be of any horizontal planform, i.e. shape
[143, 151]. The choice of VLFS shape depends on its purpose, the ocean/sea currents, the
wave behavior on a site, etc.

Mainly, the VLFS having a rectangular planform has been studied, see for example
[5, 29, 43, 61, 74, 91, 93, 115, 134]. The analytical solution for plates having one or two
infinite dimensions, which simplifies the complexity of analysis significantly, can be derived
with any of the approaches described in subsection 1.3.2 and in the surveys [52, 143]. For
finite plates numerical methods are often used. Numerous papers consider a half-plane
problem, e.g. [5, 41, 70, 126], and the problem of a strip of infinite length, e.g. [5, 41, 115].
A quarter-infinite plate has been considered by Andrianov and Hermans [6], Ohkusu and
Namba [95], and Takagi [121].

Not many papers consider arbitrarily shaped structures, although non-rectangular
VLFSs may be used for purposes like floating airports, cities, storage facilities, power
plants, etc. [143, 144], and the behavior of such VLFS could be analyzed by the methods
developed. VLFSs having circular planform were studied by Meylan and Squire [77],
Zilman and Miloh [153], Tsubogo [132], Peter et al. [97], Watanabe et al. [142], Andrianov
and Hermans [7, 8], and Sturova [111]. A ring-shaped floating plate has been considered
by Andrianov and Hermans [9].

Hermans [41], Takagi [118] and Meylan [78, 79] derived the solution for the general
geometry of a VLFS; several interesting shapes of the structure are discussed in these
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papers. L-shaped, T-shaped, C-shaped and X-shaped VLFSs were studied by Hamamoto
and Fujita [38]. The case of multiple floating plates has been treated by Hermans [44];
the corresponding case is a finite gap between two plates, which was studied by Chung
and Linton [19]. Evans and Porter [31] considered the case of narrow cracks in ice.

Also, VLFS designs have been proposed of hexagonal and other shapes, so that the
floating structures can be expanded easily.

1.3.6 Mooring systems, breakwaters and anti-motion devices

A topic very important in VLFS analysis and for the design of floating structures is
positioning, that is, holding a VLFS in place and reducing its motions. To keep them in
place special mooring systems can be used, for instance dolphin-fender facilities, or chain
or anchor lines. To further reduce the energy of incoming waves, breakwaters are usually
constructed nearby. Special anti-motion devices can be used for these purposes as well.
All the components of VLFS system are shown in figures 1.2 and 1.4.

Mooring systems are used to keep the VLFS in a specified place. If a mooring
system is used, the responses of a VLFS in waves do not only include hydroelastic vertical
motions, but also horizontal motions and the reaction forces of the mooring system.
The hydroelastic behavior of VLFSs with a jointed mooring system has frequently been
analyzed in the last years [143, 151]. Also the elastic deformation and mooring force of a
VLFS on Tsunami waves has been studied, e.g., [113]. Studies on a mooring system for
a VLFS moored in a reef or shore have also been conducted. The vertical displacement
of the VLFS can be controlled by a special mooring system consisting of a combination
of dolphins with rubber fenders as in the case of Kamigoto Oil Storage Base, figure 1.2.
The floating structure must be safely moored, even during windstorms such as typhoon.

The breakwaters surrounding a floating structure can be used to reflect or reduce
incoming water waves, which will decrease the motion of the structure. The effect of the
breakwater on the motion of an elastic floating plate has been studied, e.g., by Nagata et
al. [86, 87], Ohmatsu [96], and Utsunomiya et al. [134]. In the first paper, an analytical
method is developed to determine the motion of an elastic mat-like VLFS in waves in a sea
with a breakwater, where the domain decomposition method is used to analyze the fluid
region. In the second paper, the presence of the breakwaters surrounding the VLFS is
analyzed using the higher-order boundary element method (HOBEM). Seto and Ochi [103]
have presented a numerical method for predicting the hydroelastic behavior of VLFS in a
complex water area shape that is sheltered by breakwaters and land. For the free-surface
flow, they employ a hybrid finite/infinite element formulation to reduce the computational
effort. Ohmatsu [96] have developed an effective method for the hydroelastic analysis of
VLFS, taking into consideration the mutual interaction effect between the VLFS and the
breakwater where the partial reflection coefficient is included.

Results obtained demonstrate that breakwaters effectively reduce the plate response
for long waves, but in case of short waves, the reduction is not always prominent. In
the above papers, the breakwaters considered are of the gravity type, moored into the
bottom. Although breakwaters of such a type break the waves most effectively, they inter-
rupt water flows around the VLFS and thus are not environmentally friendly. Moreover,
the construction costs of bottom-mounted breakwaters may be high for large installation
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depths. To reduce costs as well as to maintain the environmentally friendly space, break-
waters are proposed which allow water to flow through openings at the bottom. Various
types of breakwaters have been proposed recently, such as the oscillating water column
(OWC) type and structure embedded by the OWC type breakwater, a system consisting
of a floating breakwater using a submerged plate, vertical barriers, multi-layered wave
barriers, etc. One of the examples is the twin-plate breakwater for the case of deep water
studied by Usha and Gayelthri [133].

By analyzing the elastic motion of the Mega-Float it was found that elastic motion
appears as propagation of water waves beneath a thin elastic platform and that its am-
plitude is not as small as was expected. Therefore, anti-motion devices were developed
for the VLFS. One such device is a box-shaped body attached to the edge of the VLFS.
Takagi et al. [115, 117] carried out numerical analysis as well as experimental studies
and showed that the anti-motion performance of this device is good, reducing both the
deformation, the shearing force and bending moment of the floating platform.

As an anti-motion device, a floating (or submerged) plate can be attached to the VLFS
as well. Experimental and analytical (e.g., [54]) studies have been carried out to investi-
gate the use of either a horizontal plate attached to the VLFS using vertical connectors
or a vertical plate attached at the edge of the VLFS in order to reduce displacements of
the structure. The horizontal plate proved to be more effective if it protrudes from one
end of the VLFS and is not placed very deep. The vertical plate reduces the effect of
displacement more with increasing plate depth and decreasing wave period.

Japanese researchers have reported that if the mooring system is used together with
the plate attachments as anti-motion devices, this sufficiently reduces the motion of the
VLFS; there is no need to use breakwaters, too. Very recently, a flat vertical plate (with
horizontal slits) was attached to the edge of the IT base Mega-Float to reduce the drift
force. Other forms of plate attachments such as L-shape and reverse L-shape plates have
also been proposed. These additional attachments reduce the hydroelastic response and
motions of the offshore structure and the wave drift force.

Further details on anti-motion devices, mooring systems, breakwaters, and on wave
and other forces involved can be found in [143, 144].

1.4 Outline of thesis

Various problems of hydrodynamics treated in this thesis have in common that they
concern interaction between a very large floating structure and water waves. A VLFS
floating in an offshore zone can be used as an artificial island, airport, power plant, ferry
pier, storage facility, rescue base, etc. The main subjects of the thesis are the hydroelastic
behavior of a VLFS in waves and diffraction of surface waves by a VLFS. The main idea
in the proposed concepts is to build a very large mat-like structure. Compared to its
horizontal parameters, the thickness of a VLFS is very small; in a practical situation, the
horizontal dimensions are about several kilometers by several hundred meters while the
thickness and draft are of the order of several meters.

The main objective of our study is derivating an analytical solution and numerical
results for various shapes and dimensions of a floating plate. The geometrical shapes
of the plate considered are rectangular (half-plane, strip, quarter-plane, half-plane plate
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with finite thickness), rotational (circle, ring) and arbitrary horizontal planforms. The
wavelength is smaller than the width of the floating plate and there is no space between
the plate and the water. The solutions for the plate’s deflection and free surface elevation
(vertical displacements in the plate and open-water regions, respectively), the reflection
and transmission of waves are derived with different methods from applied mathematics,
mechanics and fluid mechanics. New approaches for hydroelastic analysis of VLFSs are
proposed. We study the problem for different water depth models: very shallow water
when the floating structure is located near the coast, the general and universal case of
finite water depth, and very deep water when the structure floats very far out in the sea
or ocean.

The research reported in this thesis might be applied to predict the hydroelastic re-
sponse of the VLFS to water waves and the general behavior of the VLFS for different
values of wavelength, water depth, plate characteristics and other physical parameters of
the problem. To obtain numerical results, several program packages were developed.

Chapter 2 gives the general theory on plate-water interaction, basic equations and
conditions, our method and an introduction to particular problems. The following mod-
els and horizontal shapes of the very large floating platform are considered in the thesis:
a semi-infinite plate and a strip of infinite length (chapter 3), a circular plate (chapter 4),
a ring-shaped plate (chapter 5), a quarter-infinite plate (chapter 6), and a plate of finite
small thickness (chapter 7). Analytical studies derived for specific cases are described in
corresponding chapters. Numerical results and comparisons are presented in chapters 3–7
for practically important and relevant situations. Also, in chapters 3–7 we give concluding
remarks, possible extensions and suggestions for other plate planforms. General conclu-
sions and a discussion on the future of VLFSs and the VLFSs of the future are given in
chapter 8. Our recommendations for the mathematical study of the problem, as well as
for the VLFS design and shape, are collected in chapters 3–8.

1.5 Theory and method

The thesis considers the hydroelastic behavior of a floating elastic plate and its response
to incident surface water waves. Simple time-harmonic motions are considered and the
VLFS’s behavior is analyzed in the frequency domain.

The motion of the floating plate and the plate’s hydroelastic response to surface waves
is studied. A new method, the integro-differential equation method, is developed and
justified in the thesis. Solutions are presented for six different shapes of a thin elastic
plate, which is a model of the very large floating structure. Analytical and numerical
studies are presented for three water depth models: for infinite, finite and shallow depth.

The thickness of the plate and, correspondingly, the plate draft are small compared to
the horizontal dimensions of the very large floating platform. The horizontal dimensions
of a VLFP are about several kilometers by several hundred meters, while the thickness
and draft are of the order of several meters. Also, VLFPs have mat-like dynamic behavior
which can be described by the equation of thin-plate motion. Therefore, a thin elastic
plate serves as a model for a VLFP; henceforward in the thesis, we will use the standard
theory of plates of Kirchhoff. Such a model can also be applied to study the interaction
between huge ice fields and water waves.
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The physical and mathematical formulation of the problem are given in chapter 2.
There we also describe the main equations and boundary conditions, which are the gov-
erning equations for the (boundary-value) problem of the interaction between the floating
plate and water waves. The two-dimensional platform of different horizontal geometry
is under consideration in chapters 3–6. In chapter 7, we take a finite plate thickness
and, correspondingly, a finite draft into account. In this situation the wave amplitude is
assumed to be smaller than the plate draft.

In practical situations, the horizontal dimensions of the floating plate might be of the
order of a thousand meters, while the wavelength is of the order of ten or a hundred
meters. Therefore, we consider and study numerically the situation where the wavelength
is less than the length (diameter) of the plate. However, our approach is also valid for
the case of small floating plates whose length is less than the wavelength.

First, we wish to determine the vertical displacements of the floating plate and the free
surface of water. An integro-differential equation is derived for the deflection of a VLFP
on deep water and water of finite depth applying the Green’s theorem for the velocity
potential and using the boundary conditions in chapter 2. The approach proposed in the
thesis includes the integro-differential formulation and method (IDEM) and, in addition,
a modified geometrical-optics approach (GOA). The information about the GOA and
the corresponding ray method is given in [12, 13, 58, 67, 72]. Then, we proceed with
an analysis; analytical studies are varied for particular problems. However, an integro-
differential equation derived can be solved numerically, e.g., by means of a boundary
element method and a mode expansion. The boundary conditions can be derived to
apply the ray method for short-wave diffraction.

In chapter 3 we derive and use an asymptotic theory of the geometrical-optics ap-
proach. According to the standard GOA, the motion of the floating plate is treated as
wave propagation (in the plate). The deflection is then represented as a superposition of
wave modes (rays). Each term of the series consists of an amplitude of the corresponding
wave mode multiplied by an exponential function with an argument which depends on the
roots of the dispersion relation. If the problem is considered in polar coordinates, Bessel
functions are used instead of exponential ones, see chapters 4–5.

The floating plate having a quarter-infinite horizontal planform is considered in chapter
6. There we also derive a solution using geometrical optics. The following investigation
of the propagation of the main ray (ray Ansatz) is the main element of an analysis for
this situation. In case of a quarter-infinite plate, the effect of inner reflection at the far
(relative to the front of incoming waves) edge of the plate has to be considered. This can
be done using the Ansatz ray. Hence, in chapter 6, we first use an asymptotic theory of
the GOA and then the standard ray method.

The final case we study is that of a floating plate of finite thickness and draft, con-
sidered in chapter 7. To solve the problem, we first use our solutions for the previous
problems derived with the IDEM and GOA. Next, the plate deflection is represented as
a power series with respect to the draft order, as in the Lindstedt method.

The integro-differential formulation and method developed may by applied to study
the interaction between VLFSs and water waves and the behavior of middle-sized and
small-sized floating offshore structures (e.g., floating breakwaters), because the approach
is valid for both short and long incident waves. Hence, the approach can be used to
describe the interaction of water waves and large ice fields, either in the form of one large
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plate or field, consisting of many different ice pieces. To do so, one needs to use the
physical properties of ice in the equations instead of the plate parameters.

Thus, the solution of the problems treated in the thesis is based on the integro-
differential equation method and asymptotic theory of the geometrical optics approach.
The complete general theory and solution method proposed are described in chapter 2.
In the other chapters we consider specific cases.



Chapter 2

General theory

Several plate-water interaction problems are studied in the thesis. This chapter presents
the general theory and equations for all problems considered. First, the general mathe-
matical formulation for the problem of the plate-water interaction is given. Governing
equations and boundary conditions are presented in the second section. Subsequently, the
thin plate theory is used in the third section, where it is described and verified. Because of
simple harmonic motion, main water wave equations may be rewritten and then the anal-
ysis can be carried out in the frequency domain. This is presented in the fourth section,
together with information on infinite, finite and shallow water depth theories. Further-
more, the Green’s function is described and its different forms are in use for the problems
treated in chapters 3–7. The plate’s deflection is discussed and deflection representations
are given for each particular case in the sixth section. The seventh section gives our
method to study the problems. The main integro-differential equation for the potential,
plate and free surface elevation are derived using the Green’s theorem and free surface
conditions. The section also shows how the analysis is continued in the rest of the thesis
and points the solution.

2.1 Main information

This thesis studies the hydroelastic behavior of large floating flexible platforms in waves.
The main objective of the study is to describe the motion of the plate itself and its
hydroelastic response to incident waves.

Here we present the mathematical and physical formulation of the problem and give
governing equations, boundary conditions, and formulas for the wave potential. Then,
an approach to study the problem of interaction of very large floating flexible plates with
water waves is developed and discussed. The method is based on the use of the Green’s
theorem and thin plate theory, which are described in this chapter. Furthermore, we
will derive the main integro-differential equations for the vertical displacements in the
plate and open-water regions. The integral equation for the potential is derived, which
is the intermediate step of our analysis. The following chapters will provide further
details on the approach developed and the use of the integro-differential equation method
for particular problems. Hence, this chapter is a key to the solution of each particular
problem considered elsewhere in this thesis.

21



22 CHAPTER 2. GENERAL THEORY

Our analysis is restricted to floating structures whose dynamic behavior can be de-
scribed by a thin plate model. We are mainly interested in the applications of large
flexible floating structures for the purpose of floating airports, storage facilities, ferry
piers, bridges, power plants, industrial space, emergency bases, parks or stadiums, etc.
However, the approach and model presented may be used to study the interaction between
water waves and middle- or small-sized floating platforms, such as floating breakwaters,
pontoon bridges, and platforms for other purposes. Our approach and solutions can also
be used to study the behavior of large ice fields and their interaction with water waves.

2.2 General mathematical formulation

This section describes main mathematical equations of hydrodynamics for fluid-structure
interaction. The general physical problem is the following: interaction between a very
large floating flexible platform of general shape, floating in open sea, and incoming
surface waves. The platform considered is of the pontoon type, which is also known as
the mat-like VLFS, see chapter 1.

The floating platform covers part of the water surface. Regular incident waves are
coming in from the open-water region and are diffracted by the platform. The very large
floating platform (VLFP) under consideration is modeled as a thin elastic plate. We can
do this because of the small thickness and shallow draft of the platform, compared to
its horizontal dimensions. Therefore, we can use thin plate theory to describe the plate
motion. The VLFP is assumed to be a thin layer at the free surface z = 0, where z is
assumed to point vertically upward. This means that we assume zero thickness, i.e., we
assume the thickness hp and draft d of the plate to be zero. This assumption is used to
solve the problems studied in chapters 3–6, whereas in chapter 7 we consider the plate of
finite thickness. The formulation of the problem in the latter case is a bit different from
that of the other problems and is discussed in chapter 7 itself.

The general geometry of the problem and coordinate system are shown in figure 2.1.
The part of the water-free surface z = 0, covered (occupied) by the plate, is denoted by

������������������������������������������������������������������������������������������������������������������������������������������������������������

PSfrag replacements

plateincident wave
x

z

h
DF ∂D ∂DDP

F S P

Figure 2.1: Definition sketch of the problem.

P and the open free surface, surrounding the platform, towards infinity, by F . The free
surface is divided by the interface line — the plate contour S. Henceforward for simplicity
we will often use only the notation P for the plate region x, y ∈ P, z = 0, and F for
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the open fluid region x, y ∈ F , z = 0. The fluid domain is also split up into two regions.
The region underneath the platform is defined as DP and the region towards infinity, not
covered by the plate, as DF , while the interface vertical surface is denoted by ∂D.

The parameters of the problem are described below. The water and wave parameters
are: h – depth, constant, λ – wavelength, A – wave amplitude, k0 – wavenumber, β –
angle of incidence, ω – wave frequency, ρw – density. The water depth is constant, so the
sea bed is flat. The wave height is defined as twice the amplitude. The wavenumber k0 is
the phase change per unit distance in the propagation direction (x-axis in case of normal
incidence). It has different values for three cases with different water depth. Further, we
denote the wavenumber for the IWD case as K, for the FWD case as k0, and for the SWD
case as ksh. Complete information about the wavenumber is given in section 2.4.

The parameters of the plate and characteristics of the material are the following: ρp –
density, m – mass per unit area, D – flexural rigidity, ν – Poisson’s ratio, hp – thickness,
d – draft, which is a size of the wetted part of the plate vertical surface. The last two
are assumed to be zero, except in chapter 7. Further, D = D/ρwg, µ = mω2/ρwg are
structural parameters introduced, which are constant as an isotropic plate is considered.
The flexural rigidity and bending stiffness of the plate are constant.

The fluid is assumed to be ideal, incompressible and inviscid, having irrotational mo-
tion. The water depth h is varied for different cases. The main theory is divided in
three cases, each with a different water depth: infinite water depth (IWD), finite water
depth (FWD), and shallow water depth (SWD). In section 2.4 we describe the theory
for each case; differences are also demonstrated. In the first case, only one root of the
water dispersion relation and three roots of the dispersion relation in the plate area are
considered. This serves as a demonstration of how the method will be used in the finite
depth case. On the other hand it also gives rather accurate results in the case of long
waves. In the shallow water case we follow the standard depth averaging technique, which
leads to approximate results. FWD is the general and universal case; with the theory for
this case we may also study the IWD and SWD cases. For the IWD case — the case of
very deep water in reality — the depth is assumed to be infinite. So, the water depth h
is finite and constant for the FWD and SWD cases, and for the IWD case h→ ∞.

The plate deflection is generated by incoming surface waves propagating with an angle
of incidence β to the positive x-direction without loss of generality. Mainly, we study the
situation where the wavelength λ is smaller than the smallest horizontal dimension, e.g.,
the width of the strip l. The amplitude of the incident wave A is assumed to be small
in comparison with other parameters of the problem. It is assumed that the plate is in
contact with the water at all points and at every instant of time. Therefore, there is no
cavity between the lower (wetted) surface of the plate and the water.

We assume that waves propagate in otherwise still water and have simple harmonic
motion. The fluid velocity V(x, y, z, t) is expressed by the gradient of a velocity potential
Φ, ∇Φ(x, y, z, t) = V(x, y, z, t). The effects of the free surface must be expressed in
terms of appropriate surface boundary conditions. The physical nature of the free surface
requires both a kinematic and a dynamic boundary condition: the normal velocities of
the fluid and of the boundary surface must be equal, and the pressure on the free surface
is the atmospheric pressure.
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The total potential Φ(x, y, z, t) is a solution of the governing Laplace equation

∆Φ = 0 (2.1)

in the fluid, −h < z < 0. Equation (2.1) expresses conservation of fluid mass for potential
flows and provides the governing partial differential equation to be solved for the function
Φ.

The Laplace equation is supplemented by the boundary conditions at the free surface
and bottom. The linearized kinematic condition, see, e.g., Newman [88], in the plate and
water regions, at z = 0, has the form

∂Φ

∂z
=
∂W

∂t
, (2.2)

where W (x, y, t) denotes the free surface elevation, either the deflection of the plate in P,
or the free surface elevation in F , and t is the time.

The dynamic condition is derived from the linearized Bernoulli equation [88]. The
linearized equation for the free surface elevation is written as

−P − Patm

ρw
=
∂Φ

∂t
+ gw, (2.3)

at z = 0, where ρw is the density of the water, g is gravitational acceleration, P (x, y, t)
is the pressure in the fluid, and Patm is the atmospheric pressure. The relations (2.2) and
(2.3) are kinematic and dynamic boundary conditions at the free surface, respectively.

At the fluid free surface, P = Patm and the dynamic boundary condition (2.3) can
be differentiated with respect to time and combined with the kinematic condition (2.2).
This gives a single boundary or the linearized free surface condition at z = 0

1

g

∂2Φ

∂t2
+
∂Φ

∂z
= 0. (2.4)

The bottom condition at z = −h, another boundary condition, is the zero of normal
derivative, and it is written in the following form

∂Φ

∂z
= 0. (2.5)

The Laplace equation (2.1) and boundary conditions (2.2–2.5) are the governing equa-
tions of the problem. This formulation is valid for all three models, IWD, FWD and SWD.
In addition, the Sommerfeld radiation condition for the potential must hold at infinity,
see subsection 2.4.1.

The general (vertical) geometry sketch of the problem is shown in figure 2.1. First,
we take a half-plane and a strip as the planforms of the floating thin plate, see chapter
3. In case of a strip of width l and infinite length 0 ≤ x ≤ l, −∞ < y < ∞ the open (or
free) fluid area at the free surface F is −∞ < x < 0 ∪ l < x <∞, the plate area — part
of the free surface, covered by the plate — P is 0 < x < l and the dividing contour S is
x = 0 ∪ x = l, as is shown in figure 2.1. For the semi-infinite platform (SIP) 0 ≤ x <∞,
−∞ < y <∞, F is x < 0, P is x > 0 and S is x = 0.
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In case of a circular plate, the free surface is divided into the plate P (ρ ≤ r0; ϕ =
[0, 2π]) and open fluid F (ρ > r0; ϕ = [0, 2π]) regions. The dividing line S is the plate
contour (ρ = r0; ϕ = [0, 2π]). In case of a ring-shaped plate, also the surface of the fluid
domain is divided. The plate region P is r1 ≤ ρ ≤ r0, and the open water region F , which
includes the open water region outside the plate F0, ρ > r0, and the gap area F1, ρ < r1.
The dividing lines are at the inner ρ = r1 and outer ρ = r0 edges of the plate. In detail
and for other horizontal planforms of the plate, F , P and S are given in chapters 3–6.

For chapter 7, the free surface FS is z = 0, the bottom surface, the sea bed or SB,
is z = −h, the bottom surface of the plate P is z = −d, and the vertical side surface at
x = 0 is denoted by Ss.

Along the vertical boundaries ∂D, we have the approximate transition (or matching)
conditions for the total potential [107], denoting the continuity of the pressure and the
mass flow. Then Φn and Φt are continuous at ∂D, so that

ΦP
n = ΦF

n , ΦP
t = ΦF

t , x, y, z ∈ ∂D. (2.6)

Here, the potential in the fluid domain DP is denoted by ΦP , and the potential in the
fluid domain DF by ΦF .

We will now describe the operators used in thesis. In Cartesian coordinates, the
three-dimensional Laplacian is

∆(3) = ∇2
(3) =

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
,

where the subscript (3) is used to distinguish three-dimensional operators from two-
dimensional operators ∆ and ∇ at the free surface, which are expressed in the following
way

∆ = ∇2 =
∂2

∂x2
+

∂2

∂y2
.

The problem for a circular plate (see chapter 4) and a ring-shaped plate (chapter 5) is
considered in polar coordinates, their relations to Cartesian coordinates are: ρ2 = x2 +y2,
ϕ = arctan y/x, z = z. In cylindrical coordinates, the three-dimensional Laplacian is
defined as

∆(3) = ∇2
(3) =

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
+

∂2

∂z2
,

while the two-dimensional Laplacian is

∆ = ∇2 =
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
.

Below we will mainly use two-dimensional operators.
The waves are monochromatic and have the frequency ω and wavenumber k0. With

the usual assumptions of an ideal fluid and small amplitudes, the time can be excluded
from the expression for the potential. The time dependence can be excluded for the
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vertical displacement and pressure as well. In such a way, the potential Φ, the vertical
elevation W and the pressure P have harmonic time dependence and may be replaced by

Φ(x, y, z, t) = φ(x, y, z) e−iωt, (2.7)

W (x, y, t) = w(x, y) e−iωt, (2.8)

P (x, y, t) = p(x, y) e−iωt. (2.9)

Analogously, the potential, the vertical displacement, and the pressure may be rewritten
in polar coordinates.

Hence, we consider waves of a single frequency ω and further analysis is carried out in
the frequency domain. In the previous text, W denotes the vertical displacement either
in the open fluid area, the free surface elevation, or in the plate area, the plate deflection.
Henceforward we will denote the free surface elevation in F as ζ(x, y) and the plate
deflection in P as w(x, y).

2.3 Thin plate theory

The floating flexible platform is modeled by a thin elastic linear plate. Such a model
can be applied due to the fact that the plate thickness hp is much smaller than the minimal
dimension of the VLFP planform. Also, the minimal wavelength in special variables is
much larger than the thickness of the platform. The use of the linear theory is justified
because the vertical displacement of the platform is less than its thickness. The absence
of the residual displacements in a practical situation is verified with the use of an elastic
model. To describe the motion of the thin plate, one of the theories of Kirchhoff [57],
Timoshenko [124] or Mindlin [80] may be used.

For the problems considered in chapters 3–6, the platform is assumed to be a thin layer
at the free surface z = 0. That seems to be a good model for a shallow draft platform,
which is then modeled as a thin elastic plate with zero thickness. In chapter 7, we use
the zero-thickness assumption as a first step of the complete analysis; the total solution
is represented as the series with respect to the draft order.

The classical theory of plate vibration is based on the hypotheses of Kirchhoff. These
hypotheses are: (1) linear filaments of the plate initially normal to the middle-surface
remain straight and normal to the middle surface after strain, and (2) all the elements of
the middle surface remain unstretched. These assumptions allow expressing the potential
energy of the bent plate in terms of the curvatures produced in its middle surface.

The equations of motion and the boundary conditions were first derived and applied
by Kirchhoff in his theory of thin rods. Gehring investigated the problem of plate motion
using this method [34] and his approach was afterwards adopted in an improved form by
Kirchhoff [57]. The work is very similar to Kirchhoff’s theory of thin rods, and it leads to
an expression for the potential energy per unit area of the middle surface of the plate.

Hence, we chose the Gehring-Kirchhoff theory to describe the dynamic behavior of the
elastic plate. A complete description of and requirements for this theory can be found
in [57, 124, 125, 71]. The Gehring-Kirchhoff equation of plate motion, or the differential
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equation for plate deflection, is written in the following form

D

(

∂2

∂x2
+

∂2

∂y2

)2

w(x, y) +m
∂2w(x, y)

∂t2
= P (x, y, t) − Patm (2.10)

at z = 0 for the plate area x, y ∈ P, where m is the mass per unit area of the plate,
m = ρphp, D is the flexural rigidity, which is the characteristic of the material, expressed
in terms of the Young’s modulus E, Poisson’s ratio ν and the plate thickness hp as follows:

D =
Eh3

p

12(1 − ν2)
.

Equation (2.10) is dynamic; the corresponding statical equation (the time is excluded) is
the Sophie Germain equation. The boundary horizontal (free edge) conditions are given
in the following subsection.

Next we apply the operator ∂/∂t to (2.10) and use the surface conditions (2.2–2.4) to
arrive at the following equation for the total potential Φ for our problem

{

D

ρwg

(

∂2

∂x2
+

∂2

∂y2

)2

+
m

ρwg

∂2

∂t2
+ 1

}

∂Φ

∂z
+

1

g

{

∂2

∂t2

}

Φ = 0. (2.11)

at z = 0 in the plate area P. Here and in the rest of this thesis the notation {...} is used
for operators.

As we consider harmonic waves, their potential can be written in the form (2.7). In
the same way, the deflection can be rewritten in accordance to (2.8). Then the time
dependence is reduced, and we consider the waves of a single frequency ω, obtaining from
equation (2.11) for the plate region P at z = 0

{

D∆2 − µ+ 1
} ∂φ

∂z
−Kφ = 0, (2.12)

where the structural parameters D and µ are constant because the elastic plate considered
is isotropic, and K = ω2/g. For the open-water region F , from condition (2.4) we obtain

∂φ

∂z
−Kφ = 0. (2.13)

All definitions given above are valid for all three water depth cases. Further, we use
the zero-thickness assumption for some of the problems treated (where hp << A) and,
therefore hp = 0. But, despite this, we take realistic values of the rigidity D and mass m
for the floating structure or ice, so hp is not used to calculate these structural parameters,
which are finite.

2.3.1 Free edge conditions

Here we describe the boundary conditions at the horizontal edge (or edges) of the plate.
For simplicity, below, free edge boundary conditions are denoted as free edge conditions.
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The edge(s) of the plate is (are) free of vertical shear forces, bending and twisting mo-
ments. Taking into account (2.8), we have the following free edge conditions, see, e.g.,
[124, 125], at the plate edge(s)

∂2w

∂n2
+ ν

∂2w

∂s2
= 0, (2.14)

∂3w

∂n3
+ (2 − ν)

∂3w

∂n ∂s2
= 0, (2.15)

x, y ∈ S, where n is the normal to the plate edge (the normal direction in the horizontal
plane), s is the transversal direction, the arc coordinate of the plate contour S. The
conditions (2.14) and (2.15) express that the bending moment and generalized shear
force, respectively, vanish at the plate edge, see for more details [124].

We rewrite the free edge conditions in Cartesian coordinates

∂2w

∂x2
+ ν

∂2w

∂y2
= 0, (2.16)

∂3w

∂x3
+ (2 − ν)

∂3w

∂x ∂y2
= 0, (2.17)

when x, y ∈ S.
The free edge conditions in polar coordinates have the following form:

{

∇2 − (1 − ν)

ρ

(

∂

∂ρ
+

1

ρ

∂2

∂ϕ2

)}

w = 0, (2.18)

{

∂

∂ρ
∇2 +

(1 − ν)

ρ2

(

∂

∂ρ
− 1

ρ

)

∂2

∂ϕ2

}

w = 0. (2.19)

2.4 Water waves equations

General water theory is divided into three cases: infinite water depth (IWD), finite water
depth (FWD), and shallow water depth (SWD). For the first and third case there are
approximation theories, while the finite water depth model is general, universal case
which is the most difficult to study. With this model one may study and solve problems
for any depth. In this section, we give the general forms for the Laplace equation, the
boundary and radiation conditions for a frequency-domain analysis. Then we will describe
all different forms for the velocity potential and wavenumber for each water depth.

The general equations of hydrodynamics and detailed information on water waves and
diffraction of waves by floating bodies are given in [64, 107, 146, 88].

2.4.1 General wave characteristics and equations

To describe waves with simple harmonic behavior, we take the potential φ, which in view
of formula (2.7) does not depend on time. The Laplace equation is written then as

∆φ = 0 (2.20)
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for the potential in the entire fluid domain −h < z < 0. The boundary conditions at the
free surface and bottom are also rewritten. The condition at the bottom z = −h takes
the form

∂φ

∂z
= 0. (2.21)

The free surface conditions take the following forms at z = 0

∂φ

∂z
= −iωw, x, y ∈ P, (2.22)

∂φ

∂z
= Kφ, x, y ∈ F , (2.23)

where

K =
ω2

g
. (2.24)

Condition (2.22) is henceforward often used describe the relation between the potential
and plate deflection. The parameter K in condition (2.23) is the wavenumber. Further
in this subsection the notation k0 is used for the wavenumber for any water depth; the
difference between K and k0 is discussed in the following subsections.

In addition, the body vertical surface condition for the potential must be fulfilled

∂φ

∂x
= 0, (2.25)

details are given in chapter 7. In chapters 3–6 we do not use the condition (2.25) because
of (assumed) zero thickness of the floating plate.

The potential φF must satisfy the Sommerfeld radiation condition [146]

lim
R→∞

√
R

(

∂φF

∂R
− ik0φ

F
)

= 0,

where R is the horizontal distance, and R2 = x2 + y2 here. The radiation condition also
may be written in the following form

√
R

(

∂

∂R
− ik0

)

(

φ− φinc
)

= 0. (2.26)

Hence, the potential φ must satisfy the Laplace equation (2.20), the boundary condi-
tions at the sea bed (2.21) and the free surface (2.22–2.23), and the Sommerfeld radiation
condition (2.26) in the far field.

The matching conditions (2.6), after use of the representation (2.7), take the form

φP = φF ,
∂φP

∂n
=
∂φF

∂n
, x, y, z ∈ ∂D. (2.27)

These conditions express that the mass of the water is conserved and the energy flux is con-
tinuous. In fact, they may be used for the solution in the entire fluid, three-dimensional,



30 CHAPTER 2. GENERAL THEORY

domain for any water depth. For the case where the plate has a rectangular shape, the
normal derivative becomes an x-derivative.

The solution for the potential φ(x, y, z) in the domains DF and DP may be obtained
from the Laplace equation (2.20) subject to boundary conditions at the free surface (2.22–
2.23) and at the sea bed (2.21) and the radiation condition (2.26). For this we can use
the eigenfunctions method or separation of the variables. However, three zones have to
be considered separately: DF0 , x < 0, where the wave motion consists of incident and
reflected waves, DP , and DF1, x > l, where the transmitted wave is moving; and matching
conditions (2.27) are used along the vertical boundaries between these domains. We wish
to develop an approach based on which the solution for the vertical displacements and
the potential can be derived with one general set of equations.

The length of incoming waves is

λ =
2π

k0

. (2.28)

The wavelength λ is the distance between successive points on the wave with the same
phase.

Generally, we consider the situation where the wavelength is less than the width (or
diameter) of the plate. In a practical situation, the width of the strip l or radius of the
circle r0, the horizontal dimensions of the plate, might be of the order of a thousand
meters, while the wavelength λ is of the order of a hundred meters.

The deep-water limit of the theory is k0h >> 1. The shallow-water limit is k0h << 1,
the opposite.

2.4.2 Infinite water depth

The potential of the incident wave for water of infinite depth, see, e.g., [88], has the form

φinc(x, y, z) =
gA

iω
eiK(x cos β+y sinβ)+Kz, (2.29)

where the wavenumber K (k0 in general theory) is given by formula (2.24).
The potential (2.29) is written for undisturbed incident field. If perpendicular waves

are considered, the angle of incidence β = 0 and the potential is written in the simplified
form

φinc(x, z) =
gA

iω
eiKx+Kz. (2.30)

In polar coordinates, the potential φinc takes the form

φinc(ρ, ϕ, z) =
gA

iω
eiKρ cosϕ+Kz. (2.31)

The case of infinite water depth is a good intermediate step in developing the method
as the outcome to derive the solution for the finite water depth case, which is our main
interest. The infinite water depth model is also used for problems with very deep water
where the depth is so large, that it can be assumed to be infinite.



2.4. WATER WAVES EQUATIONS 31

2.4.3 Finite water depth

The potential of the incident wave φinc for water of finite depth is written in the following
form

φinc(x, y, z) =
cosh k0 (z + h)

cosh k0h

gA

iω
eik0(x cos β+y sinβ). (2.32)

The wavenumber k0 is the only positive real solution of the water dispersion relation

k tanh kh = K, (2.33)

where K = w2/g. The water dispersion relation (2.33) has one real root, k0, the wavenum-
ber, and many imaginary roots ki, i > 0, located on the imaginary axis of the complex
k-plane.

If we consider perpendicular waves, the angle of incidence β = 0 and geometry of our
problem becomes two-dimensional. Therefore, the potential of incident field φ(x, z) takes
the form:

φinc(x, z) =
cosh k0(z + h)

cosh k0h

gA

iω
eik0x. (2.34)

In the same way, we rewrite the deflection as w(x).
The incident potential φinc in polar coordinates is given by

φinc(ρ, ϕ, z) =
cosh k0(z + h)

cosh k0h

gA

iω
eik0ρ cosϕ. (2.35)

2.4.4 Shallow water depth

For water of shallow depth the approximation theory of Stoker [107] can be used. The
solution is derived with the use of the matching conditions (2.27) and plate free edge
conditions. In accordance to the theory, the approximation condition is obtained for the
potential

Φz = −h∆Φ,

which, after taking the potential of the harmonic wave in the form (2.7), becomes

∂φ

∂z
= −h

(

∂2

∂x2
+

∂2

∂y2

)

φ. (2.36)

Then, from the free surface conditions (2.22) and (2.23), using (2.36) and (2.7), we can
obtain the following expressions for the potential in both the plate and open-water regions

(

∂2

∂x2
+

∂2

∂y2

)

φ− iω

h
w = 0, x, y ∈ P, (2.37)

(

∂2

∂x2
+

∂2

∂y2

)

φ+ k2
shφ = 0, x, y ∈ F , (2.38)
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where ksh is the wavenumber, which is

ksh =
ω√
gh

(2.39)

in the case of shallow water.
The potential of incident waves for shallow water has the form

φinc(x, y, z) =
gA

iω
eiksh(x cos β+y sinβ). (2.40)

We denote A∗ as follows:

A∗ = − igA

ω
.

The general solution of (2.38) and the conditions at infinity lead us to

φ(x, y) = A∗eiksh(x cos β+y sinβ) +R∗eiksh(−x cos β+y sin β), x < 0, (2.41)

where the first term represents a progressed wave moving to the right and the second a
reflected wave moving to the left, while R = R∗/A∗ is the coefficient of the reflected wave,
the reflection coefficient, and

φ(x, y) = T ∗eiksh(x cos β+y sinβ), x > l, (2.42)

where the right part represents the transmitted wave, and T = T ∗/A∗ is the transmission
coefficient.

Inserting the condition (2.3) for the pressure in modified form into the differential
equation for the thin plate (2.10) and using condition (2.37), we obtain the following
differential equation for the potential φP in the plate area

D∆3φP + (1 − µ)∆φP + k2
shφ

P = 0, x, y ∈ P. (2.43)

For the open fluid surface, we have (2.38).
According to Stoker theory, the solution for shallow water can be derived using the

transition (matching) conditions for the potential, which are valid along the vertical in-
terface boundary, and the free edge conditions for the plate. This simplifies the problem
significantly compared to the FWD and IWD cases. The complete description of the
shallow water depth case, so a solution, is given in section 3.5.

2.5 Green’s function

The main objective of this thesis is to determine the plate deflection, free surface elevation,
reflection and transmission coefficients by solving a set of equations which is derived along
the plate contour. For the FWD and IWD cases, we apply the Green’s theorem to the
potential and vertical displacement to obtain, as will be shown later, an integral and
an integro-differential equation, respectively. In the latter case, the set of equations to
determine the deflection can be obtained from the integro-differential equation (IDE),
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supplemented by the plate free edge conditions. As we apply the Green’s theorem, the
Green’s function is an important part of our study.

In this section we describe the Green’s function, its derivation, different forms for water
of finite or infinite depth in Cartesian and polar coordinates, required conditions, and
operations applied to the Green’s function. Also, corresponding contours of an integration
are described, and an exponential, Bessel and Hankel functions are given. It then points
out the direction of further analysis for particular problems.

The general expressions for the Green’s function for water of infinite and finite depth
can be found in Wehausen and Laitone [146]. In this section we develop modified Green’s
functions to be used in further analysis. Other forms for the free surface Green’s function
were given by Havelock [39] for the IWD case, John [49] for the IWD and FWD cases,
Noblesse [90], Eatock Taylor and Ohkusu [28] for the FWD case, and Peter and Meylan
[98] for the IWD case.

2.5.1 Green’s function in Cartesian coordinates

We introduce the Green’s function for a source within the fluid that fulfills, in Cartesian
coordinates,

∆G (x, ξ) = 4πδ (x − ξ) , (2.44)

where x is a source point, ξ is an observation (field) point, and δ is the Dirac δ-function

δ (x − ξ) = δ(x− ξ)δ(y − η)δ(z − ζ).

The Green’s function, as well as the velocity potential, obeys the boundary conditions
at the free surface

Gz = KG, z = 0, (2.45)

and at the bottom

Gz = 0, z = −h, (2.46)

and the radiation condition at infinity

lim
R→∞

√
R

(

∂

∂R
− iK

)

G = 0, −h < z < 0. (2.47)

First we describe and derive the Green’s function for the IWD case, and then for the
FWD case.

For deep water, the three-dimensional Green’s function can be written in the following
form

G (x, ξ) = −1

%
+

1

%1

− 2

∫

L

k

k −K
J0(kR)ek(z+ζ) dk, (2.48)

where %2 = R2 + (z − ζ)2; %2
1 = R2 + (z + ζ)2, here R is the horizontal distance, so that

R2(x, y; ξ, η) = (x − ξ)2 + (y − η)2. Further, L is the contour of an integration in the



34 CHAPTER 2. GENERAL THEORY
PSfrag replacements

K k0

L

Figure 2.2: Contour of integration in the complex plane.

complex k-plane, from 0 to +∞, underneath the singularity k = K, as shown in figure
2.2, chosen to satisfy the radiation condition, and J0(kR) is the Bessel function.

The Green’s function G(x, y, z; ξ, η, ζ) for the source and observation points at z =
ζ = 0 is written as

G(x, y; ξ, η) = −2

∫

L

k

k −K
J0(kR) dk, (2.49)

and henceforward we will use this form in our analysis.
For the case of finite water depth, the three-dimensional Green’s function has the

following form at z = ζ = 0

G(x, y; ξ, η) = −2

∫

L

k cosh kh

k sinh kh−K cosh kh
J0(kR) dk. (2.50)

In the case of FWD, we have additional poles k = ki for i = 1, 2...,M−3 on the imaginary
axis of the complex plane.

At z = ζ = 0, the two-dimensional Green’s function for infinite water depth has the
form

G(x; ξ) = −2

∫

L

cos k (x− ξ)

k −K
dk. (2.51)

This expression of the Green’s function is used for the case of zero angle of incidence, i.e.,
when we deal with perpendicular waves.

For the FWD case, the two-dimensional Green’s function has the form

G(x; ξ) = −
∫

L′

cosh kh

k sinh kh−K cosh kh
eik(x−ξ) dk (2.52)

at z = ζ = 0. The contour L′ has two singularities: the poles of the integrand at k = K,
which pass underneath due to the radiation condition, and at k = −K, passing above.

The general form of the three-dimensional Green’s function for the source and obser-
vation points at z = ζ = 0 is as follows

G(x, y; ξ, η) = −2

∫

L

F (k)J0(kR) dk, (2.53)

where L is the contour of the integration in the complex k-plane from 0 to +∞, underneath
the singularity k = K, as shown in figure 2.2, chosen to satisfy the radiation condition.
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It is the same for the IWD and FWD case. The function F (k) is given by

F (k) =



















k

k −K
for IWD,

k cosh kh

k sinh kh−K cosh kh
for FWD.

(2.54)

The Green’s functions for IWD and FWD written above are used for plates of rectan-
gular shape. These problems are solved in chapters 3, 6, 7.

2.5.2 Green’s function in polar coordinates

The problems for plates of rotationally symmetric configuration, circular and ring-shaped
ones in the thesis, have to be considered in polar coordinates. In this subsection we obtain
the Green’s function in polar coordinates.

The general form (2.53) of the Green’s function is rewritten. In polar coordinates, the
Green’s function G(ρ, ϕ, z; r, θ, ζ) for the source and observation points at z = ζ = 0 takes
the form

G(ρ, ϕ; r, θ) = −2

∫

L

F (k)J0(kR) dk, (2.55)

where the horizontal distance R in polar coordinates is R2(ρ, ϕ; r, θ) = ρ2 + r2 −
2ρr cos (θ − ϕ), and the function F (k) is given by (2.54). In (2.55), ρ and r are the
distance from the center of the plate to the source and to the observation points, respec-
tively, and θ − ϕ is the angle between r and ρ.

If we apply Graf’s addition theorem [131] to the Bessel function J0(kR), i.e., Neu-
mann’s formula in the case of Bessel function of zero order, it can be replaced by the
series in the following way

J0(kR) =

∞
∑

q=−∞
Jq(kr)Jq(kρ) cos q(θ − ϕ), (2.56)

which may be represented at once as

J0(kR) =

∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ), (2.57)

where δ0 = 1 and δq = 2 if q > 0. For numerical computations the upper limit of q can be
taken as a finite number N , which then becomes the truncation parameter of the problem.
This is permitted due to the decaying behavior of Bessel functions with respect to their
order for finite values of the argument. All terms of an order higher than N are negligible.
If the argument of the Bessel function equals zero, then J0(0) = 1 and Jq(0) = 0 for q > 0.

In such a way, we represent the Bessel function J0(kR) as a combination of Bessel
functions Jq(kr) and Jq(kρ), and the Green’s function takes the following form

G(r, θ; ρ, ϕ) = −2

∞
∫

0

F (k)
N
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk (2.58)
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at z = ζ = 0 in polar coordinates. The Green’s function (2.58) obeys the conditions at
the free surface and the bottom, and the radiation condition at infinity.

Specifically, for infinite water depth, the Green’s function has the following form

G(ρ, ϕ; r, θ) = −2

∞
∫

0

k

k − k0

∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk, (2.59)

and for finite water depth it takes the form

G(ρ, ϕ; r, θ) = −2

∞
∫

0

k cosh kh

k sinh kh−K cosh kh

∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk. (2.60)

The analysis for the Green’s function, represented in this subsection, is suitable for a
plate of rotational configuration. The Green’s function in the form (2.59) for IWD and
in the form (2.60) for FWD are used for circular and ring-shaped plates. The problems
of interaction between circular and ring-shaped VLFP and water waves are considered in
chapters 4 and 5, respectively.

2.6 Deflection

Here we represent the different forms of plate deflection for each of the plate horizontal
planforms studied in the thesis. Choosing a specific form for deflection is a key idea of
our method.

Plate deflection can be written as the superposition of exponential functions with
coefficients containing the amplitudes of the wave modes. This applies when the plate
has a rectangular planform. For plates having a rotationally symmetric planform the
deflection can be represented as a series of Bessel or Hankel functions. In general, the idea
is similar to the geometrical-optics approach [67, 72, 12, 41] as well as to the eigenfunction
approach, see, e.g., [56] for finite depth and [77] for infinite depth.

For a semi-infinite plate (SIP), the deflection can be represented in the following
form

w(x, y) =
∞
∑

n=1

ane
i(κnx+k0y sin β), (2.61)

where an are unknown amplitudes of corresponding wave modes, and κn are reduced
wavenumbers. It will be shown later that κn are related to the roots of the dispersion
relation in the plate area, and in case of perpendicular waves, they are simply the roots
of the plate dispersion relation.

Due to the convergence of the series in (2.61) and, correspondingly, final results with
respect to n, a finite number, N , can be taken as the upper limit. This makes N , which
is the number of the wave modes considered, the truncation parameter of the problem.
In such a way, the deflection of the semi-infinite plate takes the form

w(x, y) =
N
∑

n=1

ane
i(κnx+k0y sin β), (2.62)
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where N is the number of reduced wavenumbers κn which are taken into account.
Analogously to the SIP case, for the rest of the problems we can introduce the finite

upper limit of the series at once. The details about the chosen form of the deflection
and the series convergence are given in the next chapters for different problems. The
convergence of the deflection function is also justified by numerical tests.

For a strip of infinite length and width l, the deflection can be represented in the form

w(x, y) =

N
∑

n=1

(

ane
iκnx + bne

−iκnx
)

eik0y sinβ . (2.63)

Here, an and bn are the amplitudes of corresponding wave modes. The second term
in (2.63) decreases with the growth of n; this term is also small when n >> 1 as the
amplitudes bn are small. However, the strip deflection may also be represented in the
form

w(x, y) =
N
∑

n=1

(

ane
iκnx + bne

−iκn(x−l)) eik0y sinβ.

The truncation parameter N obeys the ratio N < l/hp.
The representations (2.62), (2.63) (and the following ones) can be used if we consider

dry modes (or ’dry plate’), where we have a finite number of modes. In our case the
number of modes will be infinite, hence we truncate the series at N . Thus, a solution of
the boundary value problem, equation (2.20) and boundary conditions (2.16–2.17), may
be sought in the form, e.g., (2.63). Details on a number of modes taking into account are
given for particular problems and water depth models.

The deflection of a circular plate of radius r0, written in polar coordinates, can be
represented as a series of Bessel functions with corresponding coefficients in the following
form

w(ρ, ϕ) =
M
∑

m=1

N
∑

n=0

amnJn(κmρ) cosnϕ, (2.64)

where amn are unknown amplitudes and κm the reduced wavenumbers, the roots of the
dispersion relation in the plate region. Here, M is the number of reduced wavenumbers,
m = 1..M , and N is the truncation parameter, described in the previous section.

The deflection of a ring-shaped plate of radii r1 and r0, written in polar coordinates,
can be represented as a series of Hankel functions with corresponding coefficients in the
following form

w(ρ, ϕ) =

M
∑

m=1

N
∑

n=0

[

amnH
(1)
n (κmρ) + bmnH

(2)
n (κmρ)

]

cosnϕ, (2.65)

where amn and bmn are unknown amplitudes, and κm, M and N are the same as for
the circular plate. Analogously to the strip case, the amplitudes bmn become small for
m >> 1.
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The total deflection of a quarter-infinite plate (QIP) is written as the sum

w(x, y) =

N
∑

n=1

ane
i(κnx−k0y sinβ) + ws, (2.66)

for the whole platform area (we assume that waves propagate from second to fourth
quadrant). The first term is the main part of the solution, corresponding to the solution
for the semi-infinite plate, and the second term represents the solution along the rays by
stretching the coordinates; it is written in the following form

ws(x, y) =
i

ω
φz′(x, y). (2.67)

Further details are given in chapter 6.
The deflection of a semi-infinite plate of finite draft and thickness is written in the

form

w(x) =
M
∑

n=0

(

a(0)
n + da(1)

n

)

e
iκ

(0)
n

“

1+dκ
(1)
n

”

x
, (2.68)

where a
(0)
n , a

(1)
n are the unknown amplitudes and κ

(0)
n , κ

(1)
n the reduced wavenumbers. The

superscripts 0 and 1 show the draft order. The terms of zero order represent the solution
for a semi-infinite plate with zero-thickness assumption; the other terms are correction
ones, derived for the first draft order. In this case we consider only perpendicular waves.

For SWD, three roots of the dispersion relation in the plate area are used, N = 3. This
is the result of the approximation theory for shallow water. For IWD, we also use three
roots of the dispersion relation; further information is given in chapters 3–5. For FWD,
more roots, namely N , are taken into account in accordance with the water dispersion
relation (2.33), which has one real root k0, corresponding to only one wavenumber for
deep water, and a number of imaginary roots, ki, where i = 1, 2, ..., N − 3.

So, for plates having a rectangular planform with one infinite (horizontal) dimen-
sion, the deflection is represented as the superposition of exponential functions, while for
plates having a rotationally symmetric rotational configuration it is represented as the
superposition of Bessel or Hankel functions.

The deflection forms for specific problems (2.62–2.68) are good approximations of the
geometrical-optics solutions for realistic values of the plate parameters D and µ. This is
for the case when these parameters are constant, otherwise the more general ray method
can be applied for the problem.

The representation of the free surface vertical displacement, the plate deflection and
water surface elevation, presented above, was validated in [3, 4, 5, 6, 7, 8, 9, 40, 41, 42,
43, 44] for a number of different problems. More information and details on the deflection
function for particular problems may be found in the following chapters. Taking the finite
limit in the series in (2.62) for the SIP, (2.63) for the strip, (2.64) for the circular plate,
(2.65) for the ring-shaped plate, (2.66) for the QIP, and (2.68) for the plate of finite draft
is justified by the theory and by numerical tests.
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2.7 Integral and integro-differential equations

In this section we continue our analysis and derive main equations for the potential and
vertical displacements in the plate region and open water region. We apply the Green’s
theorem to the potential in each respective region and, doing some operations, derive the
general equation for the potential. Next, using of the relation between the potential and
vertical displacement, we derive the general equations for the displacements. The main
equation for the total potential is an integral, while for the plate deflection and the free
surface elevation it is an integro-differential.

The main equation for the plate-water interaction problem is derived in this section.
The derivation is the same for finite and infinite water depth models. The application of
the Green’s theorem and the derivation of the integro-differential equation are described
here. The general forms of the integral and integro-differential equations are given in
subsection 2.7.3. In the following chapters we will insert the specific forms of the deflection
and Green’s function into the plate equation to solve it. These chapters also describe
further steps of the analysis and differences for other cases.

2.7.1 Formulation of integral equation

The free surface is split up into two regions P and F with the interface S. The potential
function in the open water region F is written as a superposition of the incident wave
potential and φdis(x), which is the sum of classical diffraction potential and radiation
potential (scattering and radiation potential), as follows

φF(x) = φinc(x) + φdis(x), (2.69)

while the total potential in the plate region P is denoted by φP . It will be shown that
this choice leads to an interesting way to derive an integral equation for the potential.

The Green’s theorem is applied to the potentials φdis and φP at z = ζ = 0. We obtain
for the open fluid x, y ∈ F :

4πφdis = −
∫

S∪F

(

φdis∂G
∂n

− G ∂φ
dis

∂n

)

dS; (2.70)

0 =

∫

S∪P

(

φP ∂G
∂n

− G ∂φ
P

∂n

)

dS, (2.71)

and for the plate region x, y ∈ P:

0 = −
∫

S∪F

(

φdis∂G
∂n

− G ∂φ
dis

∂n

)

dS; (2.72)

4πφP =

∫

S∪P

(

φP ∂G
∂n

− G ∂φ
P

∂n

)

dS. (2.73)
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In the expressions (2.70–2.73), dS is the surface element with respect to the coordinates
(ξ, η).

We have applied the Green’s theorem at z = ζ = 0. Application of the Green’s
theorem at z < 0 together with an expansion of the deflection gives rise to the standard
eigenfunction expansion for the potential function, which can be found in [56] or [77].

The integrals over F become zero, due to the zero-current free-surface condition for the
Green’s function G and diffraction potential φdis. Next, we add up the two expressions
(2.72) and (2.73) and use the free surface conditions for the Green’s function and the
potential, which leads to

4πφP =

∫

S

(

[φ]
∂G
∂n

− G
[

∂φ

∂n

])

dS +

∫

P

(

KφP − φP
ζ

)

G dS (2.74)

for x, y ∈ P, where the notation [...] is used for the jump of the function concerned.
Furthermore, we use the jump condition between the potentials φdis and φP , so that

[φ] = φP − φdis = φinc, (2.75)

and their normal derivatives. For the total potential, the jumps are zero and, therefore,
we obtain

4πφP =

∫

S

(

φinc∂G
∂n

− G ∂φ
inc

∂n

)

dS −
∫

P

(

µφP
ζ −D

(

∂2

∂ξ2
+

∂2

∂η2

)2

φP
ζ

)

G dS, (2.76)

where the relation (2.12) has been used for φP . The relation (2.76) is suitable for further
manipulation to end up with an integro-differential equation. The Green’s function itself
has a weak singularity, so we may take the limit z → 0 and use (2.12) to express φP in
terms of an operator acting on φP

z .
The analysis presented in this subsection, including equations (2.69–2.76), is valid in

the entire fluid domain −z < h < 0. Then φF is the potential in the domain DF and φP

that in the domain DP . If we consider the entire fluid domain, the continuity of the total
potential and its normal derivative is guaranteed at the dividing surface ∂D, conditions
(2.27).

2.7.2 Integro-differential equation

In this subsection the integro-differential is derived for the vertical displacements: the
plate deflection and the free surface elevation.

The first integral on the right-hand side of (2.76) can be simplified significantly. This
term is independent of the plate (platform) parameters, hence it is the same if there is
no plate present. Therefore, it equals 4πφinc, which can be verified by manipulating the
integrals. Finally, we derive the following integral (or integro-differential) equation for
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the potential derivative φP
z

4π

(

φP
z − µφP

z + D
(

∂2

∂x2
+

∂2

∂y2

)2

φP
z

)

=

K

∫

P

(

D
(

∂2

∂ξ2
+

∂2

∂η2

)2

φP
ζ − µφP

ζ

)

G dS + 4πφinc
z , (2.77)

which is valid at z = 0. For the last term, which represents the potential of the incident
waves, we have used condition (2.13).

Next, we obtain the following equation for the deflection of the plate w from (2.77),
taking into account (2.22),

(

D
(

∂2

∂x2
+

∂2

∂y2

)2

− µ+ 1

)

w(x, y) =

K

4π

∫

P

G(x, y; ξ, η)

(

D
(

∂2

∂ξ2
+

∂2

∂η2

)2

− µ

)

w(ξ, η) dξ dη + Aeik0x cos β (2.78)

at z = 0, for x, y ∈ P. Equation (2.78) is the general integro-differential equation for
plate deflection.

We can directly use the derivation presented and equations (2.77) and (2.78) for the
strip and for the semi-infinite plate cases. For other plate shapes, as well as for the
problem in polar coordinates, some minor modifications are required.

In such a way, we can determine the potential in the plate area with (2.77), and
the plate deflection with (2.78). In a similar way, we may derive the integral (integro-
differential) equation to be solved in the open fluid region F . Adding up expressions
(2.70) and (2.71) and following the analysis given for φP

z , we obtain for φdis

φdis =
1

4π

∫

P

G
(

D
(

∂2

∂ξ2
+

∂2

∂η2

)2

φP
ζ − µφP

ζ

)

dS. (2.79)

The total potential in the open water region F is written in the form (2.69). Thus, we
have for φF

4πφF = K

∫

P

G
(

D
(

∂2

∂ξ2
+

∂2

∂η2

)2

φP
ζ − µφP

ζ

)

dS + 4πφinc
z . (2.80)

The total potential in F is represented as the sum of the incident wave potential and
the potential of waves which appear due to the vibration of the plate. Analogously, the
free surface elevation ζ in the open fluid region equals to the sum of the incident wave
elevation and the additional wave elevation generated by the plate motion

ζ = ζ inc + ζpm, (2.81)
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where the value of elevation ζ inc is known because it is the parameter of the incident wave
field, whereas the value of ζpm may be obtained from the analysis of the integro-differential
equation (2.80) for the region F

ζ(x, y) =
K

4π

∫

P

G(x, y; ξ, η)
{

D∆2 − µ
}

w(ξ, η) dS + Aeik0(x cos β+y sinβ). (2.82)

The term, containing the integral in (2.82), represents the displacement of the free surface
which takes place due to the motion of the plate.

We may find the difference between the plate deflection w and the free-surface elevation
ζ, i.e. the difference of the vertical displacement in P and F , at the plate contour S. Using
(2.78) and (2.82), we found it to be

ζ =
{

D∆2 − µ+ 1
}

w (2.83)

at x, y ∈ S.

2.7.3 General form of integro-differential equation

This subsection describes the general forms of the integral equation for the potential, and
integro-differential equations for the plate deflection and free surface elevation.

The main integral equation for the potential may be written in the general form

4πφ(X) = 4πφinc(X) +

∫

P

(Kφ(Ξ) − φn(Ξ))G(X; Ξ) dS, (2.84)

in accordance to (2.77), where φ is the total potential, φn is its normal derivative, φinc

is the incident wave potential, X and Ξ are the coordinates, P is the unit plate on the
surface of the water, and dS is the surface element with respect to Ξ coordinates. The
coordinates are X = (x, y, z), Ξ = (ξ, η, ζ) in Cartesian coordinates and X = (ρ, ϕ, z),
Ξ = (r, θ, z) in polar coordinates. The normal derivative of the potential, φn, at the free
surface z = 0 becomes ∂φ/∂z, which we denote by φz. The integral equation (2.84) is
valid in both areas of the free surface P and F .

We obtain for the normal derivative of the potential at the free surface z = 0

{

D∆2
X − µ+ 1

}

φz(X) =
K

4π

∫

P

G(X; Ξ)
{

D∆2
Ξ − µ

}

φζ(Ξ) dS + φinc
z , (2.85)

where ∆X and ∆Ξ are the Laplacians in corresponding coordinates. Using the expression
(2.84) for the potential or the expression for the potential normal derivative (2.85) we
can obtain expressions for both vertical displacements: the plate deflection in P, and the
free-surface elevation in F .

The main integro-differential equation for the plate deflection has the following general
form

{

D∆2
X − µ+ 1

}

w(X) =
K

4π

∫

P

G(X; Ξ)
{

D∆2
Ξ − µ

}

w(Ξ) dS + ζ inc. (2.86)
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For the free-surface elevation ζ, we obtain

ζ(X) =
K

4π

∫

P

G(X; Ξ)
{

D∆2
Ξ − µ

}

w(Ξ) dS + ζ inc. (2.87)

In such a way, the general equation for the potential φ is written in the form (2.84);
that for the plate deflection w in the form (2.86), and that for the free-surface elevation
ζ in the form (2.87).

2.8 Additional information

2.8.1 The solution

Our method is based on the integro-differential equation derived and an asymptotic theory
of the geometrical-optics approach. Complete analytical and numerical studies for each
problem are given in chapters 3–7. The next step of our method is insertion of the Green’s
and deflection functions, which are different for each problem, into the corresponding
integro-differential equation. Then, from the integro-differential equation, we can derive
the equations to determine the plate deflection, free-surface elevation, velocity potential,
reflection and transmission coefficients, etc. The equations derived from the IDE are
supplemented by relations obtained from the free edge conditions. These are presented
in the following chapters, together with a theoretical explanation and numerical results,
details and a discussion.

2.8.2 Asymptotic expansions

The phase velocity Vp can be expressed in the following form

Vp =
ω

k0
=

√

g

k0
tanh k0h, (2.88)

using (2.33).
It is possible to derive the asymptotic expression for the potential in the open-water

region φF at infinity, R → ∞,

4πφdis = i

√

k0

R

∫

P

{

D∆2 − µ
}

φP
ζ e−ik0ρ cos(ψ−θ) dS. (2.89)

Also, doing some operations and considering the contour of the integration, one can
derive the asymptotic form for the Green’s function G at infinity

G ∼ iπk0e
k0(z+ζ)H

(1)
0 (k0R). (2.90)

The description of nonlinear effects, neglected in the given linearized theory, may be
found in [147, 88, 46] and other literature.





Chapter 3

Hydroelastic behavior of a semi-infinite

plate and strip

This chapter considers first two problems of the interaction between a very large float-
ing platform and water waves treated in the thesis. We consider two general geometric
forms of the plate, which is the model of VLFP, namely a half-plane and a strip. The
hydroelastic response of the two-dimensional plate to a plane incident wave is investigated
for three different water depths: infinite, finite and shallow. An integro-differential equa-
tion is derived to describe the plate deflection due to the incident waves for the current
case. Then, the plate deflection is determined using a derived set of equations for both
geometrical forms. The expressions for the reflection and transmission coefficients are
determined as well. Numerical results are obtained for various values of the parameters.
The results for the strip and for the half-plane are compared for different values of depth
and other parameters. In addition, a comparison of our results with those obtained by
other approaches is presented.

3.1 Introduction

This chapter solves two problems of the interaction between a very large floating structure
and water waves. Here, we consider two geometrical forms of the plate: a semi-infinite
plate and a strip of infinite length. A VLFS is modeled by a thin elastic plate.

In general, a floating structure may have any shape. Mainly researchers have analyzed
VLFSs of a rectangular planform. The case of half-plane was recently intensively studied
by many researchers across Europe, Asia, America and Oceania. It is a good starting point
for hydroelastic analysis of the interaction between VLFSs and water waves. Ohkusu and
Namba [91] presented an asymptotic theory to describe the deflection of a platform on
shallow water due to relatively short incident waves while it is positioned at shallow
water. Hermans [40] derived an exact integral-differential equation for the deflection of
a VLFP on deep water. The equation was solved numerically by means of a boundary
element method and a mode expansion. Later Hermans [42, 43] used this formulation to
derive boundary conditions to apply the ray method for short wave diffraction. The short
wave expansion of Takagi et al. [115], who used the eigenfunction expansion method,
leads to similar results. Khabakhpasheva and Korobkin [55] derived a set of equations

45
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to obtain asymptotic results. Tkacheva [126, 127, 128, 129] solved this problem using
the Wiener-Hopf technique. The shallow-water problem was solved by Sturova [108],
who used boundary integral equations. Kim and Ertekin [56] applied the eigenfunction
expansion method to solve the problem.

The following assumptions are invoked, as in a basic hydroelastic analysis of mat-like
VLFSs, chapters 1–2. The fluid is incompressible, inviscid, and has irrotational motion,
so that the velocity potential exists. A VLFS is modeled as a thin elastic isotropic plate
with free edges. The amplitude of the incident wave and the motion of the VLFS are
both small. Then only the vertical elevation of the structure is considered. There are no
gaps between the VLFS and the fluid free surface.

The diffraction of surface waves by a large floating flexible plate (FFP) of general
geometric form is studied. The plate, which is the model of a VLFS, floats on the surface
of an ideal incompressible fluid. We consider three cases: infinite (IWD), finite (FWD)
and shallow (SWD) water depth. Differences between these three cases shall be indicated
in this chapter. The problem is solved for oblique incident waves, which includes the case
of normal incidence: perpendicular incoming waves. The integro-differential formulation
is applied; we derive the main integro-differential equation for the problem. The integro-
differential equation can be used more flexibly to derive asymptotic results compared to
other methods. The approach is developed for and applied to two different forms of the
plate: an infinitely long strip of finite width and a semi-infinite plate. For both forms
of the plate we obtain and compare an analytical solution and numerical results for the
plate deflection. Reflection and transmission of incoming waves are studied as well.

The theory and approach described in this chapter were previously presented and
published in [40, 3, 4, 43, 5] together with some results. Our approach is based on the
integro-differential equation derived and an asymptotic theory of the geometrical-optics
approach. The main equations and physical parameters are described in chapter 2; here
we only give specific information if needed.

3.2 Formulation of the problem

The mathematical formulation is derived for the diffraction of waves by the floating flexible
plate, floating on the surface of an ideal incompressible fluid of constant depth h. The
numerical value of the water depth is varied for the IWD, FWD and SWD models.

The geometry of the problem and coordinate system are shown in figure 3.1. Incoming
waves are propagated from the open fluid with an angle β to the positive x-direction. In
the case of a strip of width l and infinite length 0 ≤ x ≤ l, −∞ < y < ∞ we define the
open fluid area −∞ < x < 0 ∪ l < x < ∞ as F , the plate area, part of the free surface,
covered by the plate 0 < x < l as P and the dividing line, the plate contour x = 0∪x = l,
as S; whereas for the semi-infinite platform (SIP) 0 ≤ x <∞, −∞ < y <∞, F is x < 0,
P is x > 0, and S is x = 0.

We assume waves in otherwise still water and introduce the velocity potential by
∇Φ(x, t) = V(x, t). As was described in chapter 2, see formulas (2.1–2.5), Φ(x, y, z, t) is
a solution of the Laplace equation

∆Φ = 0 (3.1)
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Figure 3.1: Geometry and coordinate system of the problem.

in the fluid (z < 0), supplemented by the boundary conditions and the radiation condition
(2.26). The boundary conditions at the free surface conditions, z = 0, are:
at the plate area x, y ∈ P

∂Φ

∂z
=
∂W

∂t
, (3.2)

and at the fluid area x, y ∈ F
∂Φ

∂z
= −1

g

∂2Φ

∂t2
; (3.3)

and the boundary condition at the bottom z = −h is:

∂Φ

∂z
= 0. (3.4)

The function W (x, y, t) denotes either the deflection in the plate area P or the free surface
elevation in the open water region F . The boundary conditions are the same for all water
depths.

The matching conditions at the vertical boundaries S are:

Φx and Φt are continuous at S, (3.5)

as the direction of the normal n to the plate edge coincides with the x-direction. Physically
these conditions express that the mass of the water is conserved and the energy flux is
continuous.

The platform is assumed to be a thin layer at the free surface z = 0. A shallow draft
platform can be modeled as an elastic plate with zero thickness. To describe the deflection
of the plate, we use the thin plate theory, which leads to a differential equation of the
following form:

D

(

∂2

∂x2
+

∂2

∂y2

)2

W +m
∂2W

∂t2
= P (x, y, t) (3.6)

at z = 0 for the plate area x ∈ P. The linearized pressure P is written in the following
form

P = −ρw
∂Φ

∂t
− ρwgW at z = 0, (3.7)



48 CHAPTER 3. HYDROELASTIC BEHAVIOR OF A SEMI-INFINITE PLATE AND STRIP

where ρw is the density of the fluid.
For infinite and finite water depth, we apply the operator ∂/∂t to (3.7) and use the

surface condition (3.2) to derive from (3.6) the following equation for Φ at z = 0 in the
plate area (x, y) ∈ P

{

D

ρwg

(

∂2

∂x2
+

∂2

∂y2

)2

+
m

ρwg

∂2

∂t2
+ 1

}

∂Φ

∂z
+

1

g

{

∂2

∂t2

}

Φ = 0. (3.8)

As harmonic motion is considered, we can represent the potential of the incident wave
in the following form

Φ(x, y, z, t) = φ(x, y, z)e−iωt. (3.9)

Then, the potential φ must satisfy the Laplace equation (2.20), the boundary conditions
at the sea bed (2.21) and at the free surface (2.22–2.23), and the Sommerfeld radiation
condition (2.26) in the far field. The deflection and the pressure can be represented in
the same way as the potential, see formulas (2.8) and (2.9), respectively. Using these
three representations, we work in the frequency domain and obtain the relations for the
potential (2.12) at the plate area P and (2.13) at the open fluid area F .

The incident wave potential for a fluid of infinite depth equals, see subsection 2.4.2
(p.30),

φinc = − igA

ω
eiK(x cos β+y sinβ)+Kz, (3.10)

where A is the wave amplitude of the undisturbed incident wave, ω is the frequency, and
K is the wavenumber, which equals K = ω2/g for IWD.

In the case of shallow depth, subsection 2.4.4 (p.31), the wavenumber is ksh = ω/
√
gh

and the incident wave potential is written as

φinc = − igA

ω
eiksh(x cos β+y sin β). (3.11)

For finite water depth, subsection 2.4.3 (p.31), the potential of the incident waves is
written in the following form

φinc = −cosh k0(z + h)

cosh k0h

igA

ω
eik0(x cos β+y sin β), (3.12)

and the wavenumber k0 is the only positive real solution of the water dispersion relation

ki tanh kih = K, (3.13)

where K = ω2/g. The imaginary roots ki, i > 0 of the dispersion relation (3.13) are
discussed later on in this thesis.

The wavelength of the incoming waves is λ = 2π/k0. In this chapter, for the strip we
consider the waves to be smaller than the strip width l.

The free edge(s) of the plate is (are) free of shear forces, bending and twisting moments.
Hence, the free edge conditions are:

∂2w

∂x2
+ ν

∂2w

∂y2
= 0, (3.14)
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∂3w

∂x3
+ (2 − ν)

∂3w

∂x ∂y2
= 0, (3.15)

when x, y ∈ S at z = 0.

3.3 Integro-differential equation

The main integro-differential equation for the problem is derived in this section. The
IDE for the plate deflection was derived in chapter 2. Following the analysis given in
section 2.7, we split the fluid domain into two regions with an interface surface S. The
free surface at z = 0 is split into a plate P and open fluid F areas by the plate contour
S.

The potential function in F is written as a superposition of the incident wave potential
φinc and a φdis, which is the sum of classical diffraction potential and radiation potential,
as follows

φF(x) = φinc(x) + φdis(x), (3.16)

while the total potential in P is denoted by φP . It will be shown that this choice leads to
an interesting way to derive an integral equation.

We introduce the Green’s function G(x, ξ), which fulfills ∆G = 4πδ(x − ξ), where δ
is the Dirac δ-function, the boundary conditions at the free surface and the bottom, and
the radiation condition. Next, the Green’s theorem is applied to the potentials φdis and
φP , respectively. Then, the equations (2.70–2.71) are obtained for open fluid x, y ∈ F ,
and equations (2.72–2.73) at the plate region x, y ∈ P.

The integrals over F become zero, due to the zero-current free-surface condition for G
and φdis. Adding up the two expressions in (2.72–2.73) and using the free-surface condition
for the Green’s function (2.45) and the potential φdis (2.13), we derive

4πφP =

∫

S

(

[φ]
∂G
∂n

− G
[

∂φ

∂n

])

dS +

∫

P

(

KφP − φP
ζ

)

G dS, (3.17)

for x, y ∈ P, where the notation [...] is used for the jump of the function concerned and dS
is the surface element with respect to the coordinates (ξ, η). The jump conditions between
the potentials φdis and φP (2.75) and their normal derivatives are used. In addition, we
use relation (3.8) for φP and obtain

4πφP =

∫

S

(

φinc∂G
∂n

− G ∂φ
inc

∂n

)

dS −
∫

P

(

µφP
ζ −D

(

∂2

∂ξ2
+

∂2

∂η2

)2

φP
ζ

)

G dS, (3.18)

where the structural parameters D = D/ρwg, µ = mω2/ρwg are introduced. These
parameters are constant as we are investigating an isotropic plate.

Relation (3.18) is suitable for further manipulation to end up with an integral equation
for the potential and then an integro-differential equation for the plate deflection that can
be solved numerically. We notice that the first integral on the right-hand side of (3.18)
can be simplified significantly as this term is independent of the parameters of the plate
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(platform). Hence, it would be the same if no platform were present and, therefore, it
equals 4πφinc. Next, we may take the limit z → 0 and use (3.8) to express φP in terms of
an operator acting on φP

z because the Green’s function itself has a weak singularity. Then
we obtain the following integro-differential equation for the potential derivative φP

z

4π

(

φP
z − µφP

z + D
(

∂2

∂x2
+

∂2

∂y2

)2

φP
z

)

+

K

∫

P

(

µφP
ζ −D

(

∂2

∂ξ2
+

∂2

∂η2

)2

φP
ζ

)

G dS = 4πφinc
z , (3.19)

at the surface z = 0.
Taking into account relation (2.22), we move from the velocity potential to the deflec-

tion of the plate w and obtain the following equation

(

D
(

∂2

∂x2
+

∂2

∂y2

)2

− µ+ 1

)

w(x, y) =

K

4π

∫

P

G(x, y; ξ, η)

(

D
(

∂2

∂ξ2
+

∂2

∂η2

)2

− µ

)

w(ξ, η) dξ dη + Aeik0(x cos β+y sinβ). (3.20)

This is the governing integro-differential equation (IDE) for problem considered. It has
the same form for FWD and IWD. However, next we will need to use the Green’s and
deflection functions, different for these two depths, and insert them into IDE (3.20) to
continue our analysis.

3.4 Finite water depth

In this section we derive the solution for a strip and semi-infinite plate on FWD. The finite
water-depth model is the most important, but also the most difficult to study. First, we
insert specific forms of the Green’s function and deflection into the integro-differential
equation. The following analysis results in a solution of the problem. A set of equations
to determine the plate deflection is obtained, as well as expressions for the reflection and
transmission of incident waves.

The Green’s function obeys the boundary conditions at the free surface and the bottom
and the radiation condition; further particulars are given in section 2.5. For FWD, the
Green’s function has the following form at z = 0

G(x, y; ξ, η) = −2

∫

L

k cosh kh

k sinh kh−K cosh kh
J0(kr) dk, (3.21)

where L is the integration contour in the complex k-plane, as seen in figure 2, from 0
to +∞ underneath the singularity k = k0, chosen for fulfilling the radiation condition,
J0(kr) is Bessel function, while r is horizontal distance, so r2 = (x− ξ)2 + (y − η)2.
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Figure 3.2: Contour of the integration.

3.4.1 Solution

First, we consider the strip shape. The deflection of the plate is represented as a super-
position of exponential functions in the following form at z = 0

w(x, y) =

M
∑

n=1

(

ane
iκnx + bne

−iκnx
)

eik0y sinβ (3.22)

for 0 ≤ β ≤ βcr ≤ π/2, where unknown amplitudes an, bn and reduced wavenumbers
κn have to be determined. The critical angle of incidence βcr will be discussed later in
this section; mainly in the thesis we consider the situation when β ≤ βcr. We will see
later that because the inhomogeneous term behaves like eik0x does not mean that the
solution behaves accordingly. Initially the upper limit of the series (3.22) is infinite, but
as discussed in section 2.6, it can be replaced by the finite number M . The value of M
is chosen and discussed later on in this chapter. To describe the connection between the
plate deflection and the potential we use the condition (2.22).

Next, we insert the Green’s function (3.21) and the plate deflection (3.22) into IDE
(3.20). To carry out the integration with respect to η, we use the following formula [73]

∞
∫

0

cos(bt)J0

(

k
√
a2 + t2

)

dt =















0 if k < b,

cos a
√
k2 − b2√

k2 − b2
if k > b,

(3.23)

for the Bessel function J0(kr). After the integration with respect to ξ and decomposition
by eik0y sinβ we obtain the following equation

M
∑

n=1

(

Dκ(n)4 − µ+ 1
)

(

ane
iκnx + bne

−iκnx
)

= i

M
∑

n=1

K

2π

(

Dκ(n)4 − µ
)

×

∫

L

cosh kh

k sinh kh−K cosh kh

(

an

[

eix
√
k2−k2

0 sin2 β

√

k2 − k2
0 sin2 β − κn

− e−ix
√
k2−k2

0 sin2 β

√

k2 − k2
0 sin2 β + κn

]

+bn

[

eix
√
k2−k2

0 sin2 β

√

k2 − k2
0 sin2 β + κn

− e−ix
√
k2−k2

0 sin2 β

√

k2 − k2
0 sin2 β − κn

])

k dk
√

k2 − k2
0 sin2 β

+ Aeik0x cos β,

(3.24)

where κ(n) is defined as

κ(n) =
√

κ2
n + k2

0 sin2 β for n = 1, ...,M. (3.25)
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The coefficient b in expression (3.23) corresponds to k0 sin β in our analysis.
The contribution of the integral along the branch cut must be zero, which results in

the choice of two different contours for the integrand in the expanded IDE (3.24). For the
first part of the integrand with the plus signs in the exponential, the contour is chosen
above the branch cut, whereas for the second part with the minus signs in the exponential,
the contour is chosen underneath the branch cut. Adding up the two integrals results in
a zero, required by formula (3.23). The first part of the integral (terms with the plus
signs) can be closed in the upper half-plane. The final result is an integral, which can be
written as a sum of residues [5, 43] at the poles described below.

We assume that the poles at κn =
√

k2 − k2
0 sin2 β are in the upper half-plane and

apply the residue lemma at these poles. Then, the coefficients of eiκx are considered to
derive the dispersion relation for κ(n)

(

Dκ4 − µ+ 1
)

κ tanhκh = K (3.26)

for finite water depth. The dispersion relation (3.26) has the following solutions in the
complex plane: two at the real axis ±κ(1), four complex roots ±κ(2), ±κ(3); the position
of these six roots is shown in figure 3.3, and ±κ(n), n = 4, 5... at the imaginary axis. The
four complex roots are symmetrically placed with respect to both the real and imaginary
axes, so that ±κ(2,3) = ±(κRe ± κIm). We take into account M roots of the dispersion
relation due to the form of the plate deflection (3.22).

Three roots are physically realistic solutions for κ, so for IWD and SWD. They are
situated in the upper complex half-plane, namely: real positive root κ(1), which represents
a traveling wave mode, and two complex roots κ(2) and κ(3) with equal imaginary parts
and equal but opposite-signed real parts, which represent damped wave modes.

Also, we can determine the critical angle of incidence. The angle becomes critical
when κ1, the value corresponding to the real positive root κ(1) of the dispersion relation,
equals 0, therefore

sin βcr = κ(1)/k0. (3.27)

Next, we consider the zeros of the dispersion relation for the water surface (3.13). We
take into account M − 2 roots ki of the water dispersion relation, one real k0 and M − 3
imaginary ki, i = 1, ...,M − 3, which are also poles of the integrand in (3.24) with the
integration contour being closed in the complex plane. These roots lead us to the relations
for determining the amplitudes an and bn, which are coefficients of the deflection function.

The contribution of the pole k = k0 give us two linear relations:

M
∑

n=1

(

Dκ(n)4 − µ
) k0K

(K(1 −Kh) + k2
0h)

×
(

an
(κn − k0 cos β) cosβ

− bn
(κn + k0 cos β) cos β

)

+ A = 0, (3.28)

and
M
∑

n=1

(

Dκ(n)4 − µ
) k0K

(K(1 −Kh) + k2
0h)

×
(

− ane
iκnl

(κn + k0 cos β) cos β
+

bne
−iκnl

(κn − k0 cos β) cosβ

)

= 0. (3.29)
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The contribution of the imaginary poles k = ki leads to 2(M − 3) equations for i =
1, ...,M − 3

M
∑

n=1

(

Dκ(n)4 − µ
) k2

iK

(K(1 −Kh) + k2
i h) k

∗
i

(

an
(κn − k∗i )

− bn
(κn + k∗i )

)

= 0, (3.30)

M
∑

n=1

(

Dκ(n)4 − µ
) k2

iK

(K(1 −Kh) + k2
i h) k

∗
i

(

− ane
iκnl

(κn + k∗i )
+

bne
−iκnl

(κn − k∗i )

)

= 0, (3.31)

where k∗i =
√

k2
i − k2

0 sin2 β. Terms containing bn do not result in numerical computation
problems for the current case; if so, it is possible to choose another form of the deflection,
which is given in section 2.6.

For the strip-shaped plate we may obtain four relations from the free edge conditions
at both edges x = 0 and x = l. These four relations are required to complete the set of
equations for determining the plate deflection. The zero-moment condition (3.14) leads
to:

M
∑

n=1

(

κ2
n + νk2

0 sin2 β
)

(an + bn) = 0 (3.32)

and
M
∑

n=1

(

κ2
n + νk2

0 sin2 β
) (

ane
iκnl + bne

−iκnl
)

= 0. (3.33)

The zero condition for generalized shear force (3.15) leads to:

M
∑

n=1

(

κ3
n + (2 − ν)κnk

2
0 sin2 β

)

(an − bn) = 0 (3.34)

and
M
∑

n=1

(

κ3
n + (2 − ν)κnk

2
0 sin2 β

) (

ane
iκnl − bne

−iκnl
)

= 0. (3.35)

In this way, we have completed the set of 2M equations (3.28–3.35). The solution of
this set gives us the values of the deflection components an and bn and, correspondingly,
the value of the deflection itself computed by (3.22).

Next, we study the reflection and transmission of incoming waves. Adding up the two
expressions (2.70–2.71), we can compute the reflection and transmission coefficients as a
contribution of the pole k = k0 in the regions x < 0 and x > l, respectively. For the
reflection coefficient R, which is the amplitude of the reflected wave, we obtain:

R =
k0K

(K −K2h + k2
0h)





M
∑

n=1

(

Dκ(n)4 − µ
)

an

(κn + k0 cos β) cosβ

(

ei(k0+κn)l − 1
)

+

M
∑

n=1

(

Dκ(n)4 − µ
)

bn

(κn − k0 cos β) cosβ

(

ei(k0−κn)l − 1
)



 . (3.36)
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For the transmission coefficient T , the amplitude of the transmitted wave, we derive the
following result

T = 1 +
k0K

(K −K2h + k2
0h)





M
∑

n=1

(

Dκ(n)4 − µ
)

an

(κn − k0 cos β) cos β

(

e−i(k0−κn)l − 1
)

+

M
∑

n=1

(

Dκ(n)4 − µ
)

bn

(κn + k0 cos β) cos β

(

e−i(k0+κn)l − 1
)



 . (3.37)

The coefficients R and T are determined for each depth and compared later.
For the semi-infinite plate, the method described above is used. The Green’s function

has the same form (it does not depend on the floating object), whereas the deflection is
written in the form

w(x, y) =

M
∑

n=1

ane
iκnx+ik0y sinβ . (3.38)

Inserting (3.21) and (3.38) into the IDE (3.20), we obtain an expanded integro-differential
equation for the half-plane problem in the form (3.24) without bn-terms; see also [43].

The dispersion relation (3.26), its roots κ(n), reduced wavenumbers κn, and angle βcr

are the same as for the strip-shaped plate. Doing the same operations as for the strip,
we derive relations (3.28) and (3.30) without bn-terms and two edge conditions at x = 0,
which are:

M
∑

n=1

(

κ2
n + νk2

0 sin2 β
)

an = 0, (3.39)

M
∑

n=1

(

κ3
n + (2 − ν)κnk

2
0 sin2 β

)

an = 0. (3.40)

After solving the system of M equations we obtain M amplitudes an, which allows us
to find the deflection. The reflection coefficient for the semi-infinite plate R∞ can be
computed by formula (3.36) without the bn-term.

In a situation where β ≥ βcr, our model remains valid. In this case we have three
damped modes, the coefficients are R = 1 and T = 0, and the plate is deflected only near
the edge x = 0.

The case of perpendicular waves — the case of normal incidence — is the particular
case of the analysis presented. Taking β = 0, we can easily derive the equations for the
plate deflection and the coefficients of the incident field in a simplified form.

Finite water depth is the general case. Taking the limit h→ ∞ we arrive at IWD and
with the limit h→ 0 at SWD including the transition from dispersion relation (3.26) for
finite water to dispersion relations for infinite and shallow water, respectively.
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3.5 Infinite water depth

This chapter derives the solution for infinite water depth. The solution is based on the
analysis of the previous chapter, but here we have some differences. The wavenumber, the
potential of incoming waves and the Green’s function are different from FWD, whereas
the deflection is represented in the same form for the geometries of the plate: (3.22) for
the strip and (3.38) for the half-plane.

In the same way, we split the fluid domain and do following operations described in
section 3.3, we introduce the Green’s function and obtain the expressions (3.17–3.18) and,
then, (3.19). Finally, we obtain the integro-differential equation for the plate deflection
(3.20), which has exactly the same form as that for FWD.

The Green’s function obeys the boundary conditions at the free surface and at the
bottom, and the radiation condition. For infinitely deep water, according to section 2.5,
the Green’s function has the form

G(x, y; ξ, η) = −2

∫

L

k

k −K
J0(kr) dk (3.41)

at z = 0, where L and J0(kr) are as in section 3.4.
First we consider the strip shape. The plate deflection is described by (3.22), M = 3,

the amplitudes an, bn, reduced wavenumbers κn, roots κ(n) and βcr are of the same order
as for FWD.

Next, we insert the expressions for the Green’s function (3.41) and deflection (3.22)
into the IDE (3.20). Integrating with respect to ξ and η, we obtain the following equation

3
∑

n=1

(

Dκ(n)4 − µ+ 1)
)

(

ane
iκnx + bne

−iκnx
)

= i
3
∑

n=1

K

2π

(

Dκ(n)4 − µ
)

×

∫

L

k

(k −K)
√

k2 −K2 sin2 β

(

an

[

eix
√
k2−K2 sin2 β

√

k2 −K2 sin2 β − κn
− e−ix

√
k2−K2 sin2 β

√

k2 −K2 sin2 β + κn

]

+bn

[

eix
√
k2−K2 sin2 β

√

k2 −K2 sin2 β + κn
− e−ix

√
k2−K2 sin2 β

√

k2 −K2 sin2 β − κn

])

dk + AeiKx cos β. (3.42)

Following the analysis, we consider the integrand of the expanded IDE (3.42). The integral
has to be evaluated for positive values of x. We transform the integral into integrals along
the vertical axis in the complex k-plane. The path of integration of the first part of the
integral can be closed in the first quadrant of the complex plane, while the integration
contour for the second part is closed in the fourth quadrant [41].

We consider two situations separately and obtain, collecting the coefficients of the
exponential function eiκx,

(

Dκ4 − µ+ 1
)

κ = ±K, (3.43)

where the plus sign corresponds to the first integral, having the poles in the first quadrant,
and the minus sign to the second integral, having the poles in the fourth quadrant. Three
roots of (3.43) meet the requirements, and they coincide with the roots of the plate
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dispersion relation. The dispersion relation at the plate area for infinite water depth is
written as

(

Dκ4 − µ+ 1
)

κ = K. (3.44)

We take into account three roots for κ: one real root κ(1) and two complex roots κ(2),
κ(3). All six roots of the dispersion relation (3.44) are shown in figure 3.3. As for finite
depth, the three roots represent the traveling (real root) and damped (complex roots) wave
modes. For IWD we ignore the contribution along the imaginary axis of the k-plane, after
closing the integration contour.

PSfrag replacements
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Figure 3.3: Zeros of the dispersion relation for deep water.

The contribution of the zeros of the dispersion relation for the water results in relations
to determine the amplitudes an and bn. Computing the contribution of the pole k = k0,
we obtain two linear relations:

3
∑

n=1

(

Dκ(n)4 − µ
)

K

(

an
(κn −K cos β) cos β

− bn
(κn +K cos β) cosβ

)

+ A = 0 (3.45)

and
3
∑

n=1

(

Dκ(n)4 − µ
)

K

(

− ane
iκnl

(κn +K cos β) cos β
+

bne
−iκnl

(κn −K cos β) cosβ

)

= 0. (3.46)

Together with the free edge conditions (3.32–3.35) we have obtained the set of six equa-
tions needed to find the amplitudes an and bn. Next, the deflection can be computed.

For the reflection and transmission coefficients, the following relations are obtained:

R =

3
∑

n=1

(

Dκ(n)4 − µ
)

Kan

(κn +K cos β) cosβ

(

ei(K+κn)l − 1
)

+

3
∑

n=1

(

Dκ(n)4 − µ
)

Kbn

(κn −K cos β) cosβ

(

ei(K−κn)l − 1
)

, (3.47)

T = 1 +
3
∑

n=1

(

Dκ(n)4 − µ
)

Kan

(κn −K cos β) cos β

(

e−i(K−κn)l − 1
)

+

3
∑

n=1

(

Dκ(n)4 − µ
)

Kbn

(κn +K cos β) cosβ

(

e−i(K+κn)l − 1
)

. (3.48)
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For the semi-infinite plate, the deflection is written in the form (3.38), M = 3. Using
the same method, we derive (3.45) without the bn-term and two free edge conditions at
x = 0 (3.39) and (3.40). The reflection coefficient can be computed by (3.47) without the
bn-term.

3.6 Shallow water depth

Here we derive the solution for shallow water. The solution is based on transition condi-
tions, that is different from the analysis for FWD and IWD. According to Stoker [107],
the solution for the plate elevation, reflection and transmission of the incident wave can
be derived using the transition (matching) and the free edge conditions.

In this section, the wavenumber ksh is given by (2.39), and the plate deflection is repre-
sented by (3.22) for a strip of width l and by (3.38) for a semi-infinite plate, respectively.
The amplitudes an, bn, reduced wavenumbers κn and critical angle βcr are the same as
these parameters in sections 3.4–3.5.

For the plate, which floats on a fluid of shallow depth, in accordance with the shallow-
water theory of Stoker [107], we have the approximation condition

Φz = −h
(

∂2

∂x2
+

∂2

∂y2

)

Φ. (3.49)

Representing the potential in the form (3.9), the approximation condition takes the form

∂φ

∂z
= −h

(

∂2

∂x2
+

∂2

∂y2

)

φ. (3.50)

From the free surface confitions (3.2–3.3) using (3.50) we can obtain the following condi-
tions:

(

∂2

∂x2
+

∂2

∂y2

)

φ− iω

h
w = 0 (3.51)

at the plate area x, y ∈ P, and
(

∂2

∂x2
+

∂2

∂y2

)

φ+ k2
shφ = 0 (3.52)

at the open fluid x, y ∈ F . For SWD, the relation between the plate deflection and the
potential is described by (3.51).

Transition conditions (3.5) are rewritten in the following form:

φP = φF ,
∂φP

∂n
=
∂φF

∂n
, (3.53)

where x, y ∈ S. In the expression for the incident potential (3.11), we introduce the
amplitude parameter

A∗ = − igA

ω
. (3.54)
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As follows from (2.41), the general solution of (3.52) has the form in the water region
x < 0:

φ(x, y) = A∗ (eiksh(x cos β+y sin β) +Reiksh(−x cos β+ikshy sinβ)
)

, (3.55)

where the first term represents a progressed wave moving to the right and the second a
reflected wave moving to the left. In the water region x > l we have:

φ(x, y) = A∗T eiksh(x cos β+y sinβ), (3.56)

where right part represents the transmitted wave. The reflection R and the transmission
T coefficients are still to be determined.

The differential equation of the plate motion has the form (3.6). With condition (3.7),
equation (3.8) was derived for the total potential. For shallow water, the use of (3.9) and
(3.51) lead to the following differential equation for the potential φP

D∆3φP + (1 − µ)∆φP + k2
shφ

P = 0, (3.57)

at the plate area P.
From equation (3.57) we can derive the dispersion relation in the plate region, that

proves the correctness of our approach. We can derive the expression for the potential
using the relation (3.51) and (3.22) for the strip. Then, inserting the derived expression
into (3.57) and collecting the coefficients of eiκx, we derive the dispersion relation for
shallow water

(

Dκ4 − µ+ 1
)

κ2 = k2
sh. (3.58)

Three roots of the dispersion relation (3.58) are taken into account. Real root κ(1) repre-
sents the traveling (propagating) wave mode, and two complex roots κ2 and κ3 represent
damped (decaying-propagating) wave modes. All three roots are in the upper complex
half-plane. As in the previous chapters, the roots of the dispersion relation can be repre-
sented in the form κ(n)2 = κ2

n + k2
0 sin2 β.

The coefficients, or amplitudes, of the reflection and transmission of the incident wave
can be found at once with the deflection components in the SWD case. Hence, for the
definition of six amplitudes an and bn and the reflection R and transmission T coefficients,
we need a set of eight equations. We already have derived four relations (3.32–3.35) from
the free edge conditions (3.14–3.15).

The other four equations can be obtained from the transition conditions (3.53) at both
edges of the plate. We use the expressions for the potential φF derived from (3.55) when
x < 0 and from (3.56) when x > l and for the potential φP derived from (3.51) and (3.22).
Then, we obtain from the first of the transition conditions (3.53) at the edge x = 0

− iω

h

3
∑

n=1

1

κ(n)2
(an + bn) = A∗ (1 +R) , (3.59)

and at the edge x = l

− iω

h

3
∑

n=1

1

κ(n)2

(

ane
iκnl + bne

−iκnl
)

= T eikshl cos β. (3.60)
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From the second of the transition conditions (3.53) at x = 0, we obtain

ω

h

3
∑

n=1

κn
κ(n)2

(an − bn) = −iA∗ksh cos β (1 − R) , (3.61)

and at x = l

ω

h

3
∑

n=1

κn
κ(n)2

(

ane
iκnl − bne

−iκnl
)

= −iA∗ksh cos β T eikshl cos β. (3.62)

Solving the set of eight equations (3.32–3.35), (3.59–3.62) we obtain the values of the
plate deflection w, and of the coefficients R and T .

The plate deflection and reflection coefficient for the semi-infinite plate can be obtained
analogously. The deflection is represented in the form (3.38). From transition conditions
(3.53) and (3.55) we obtain the conditions (3.59) and (3.61) at the edge x = 0 without
bn-terms. The last two equations are obtained from the free edge conditions (3.39–3.40).
After solving of the derived set of four equations we obtain three components of the
deflection and the reflection coefficient R∞ for the SIP.

3.7 Results, comparison and discussion

Numerical results are given for the deflection of the strip and of the semi-infinite plate
for all three water depth models. In all figures, the left subplot is denoted as (a), and the
right as (b). The results for the deflection are shown for W, which is absolute real value
of the deflection, normalized by the wave amplitude A, |w|/A. For the half-plane, we use
the notation l for the part of plate considered, which is equal to the strip width taken.
Thus, the results are demonstrated for the first l meters of the semi-infinite plate.
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Figure 3.4: Comparison of the results for the deflection w for the strip and SIP for
D/ρwg = 105 m4, β = 0◦ (a), and β = 15◦ (b), IWD.

The following values of the constant parameters were computed numerically: the wave
amplitude A = 1 m, the Poisson ratio ν = 0.25, the ratio m/ρw = 0.25 m and the width of
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Figure 3.5: Comparison of the results for the deflection w for the strip and SIP for
D/ρwg = 105 m4, β = 0◦ (a), and β = 15◦ (b), FWD, h = 10 m.
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Figure 3.6: Comparison of the results for the deflection w of the strip and SIP for
D/ρwg = 105 m4, β = 0◦ (a), and β = 10◦ (b), SWD, h = 1 m.

the strip l = 300 m. The results are given for various values of the water depth, incident
wavelength, angle of incidence, and plate flexural rigidity. As the wavelength is varied,
the wavenumber k0 and of the frequency ω vary as well.

The number of roots of the plate dispersion relation for the finite water-depth case
(3.26) which are taken into account is M = 30.

Figures 3.4–3.6 show the results for both forms of the plate for different values of the
incidence angle β while other parameters are constant. Results are given for IWD, FWD
and SWD, respectively.

The results for strip deflection at different wavelengths are presented in figure 3.7.
Results are shown for three depths at zero angle of incidence. With growth of the water
depth the value of plate deflection increases and lengths of ’wave in the plate’ increase as
well. Then the number of wave peaks in subplots in figures 3.4–3.6 becomes smaller with
increasing depth, that is especially well prominent in figure 3.7.

In figures 3.8–3.9 we compare the results for the deflection of the strip and the semi-
infinite plate for the same wavelength and depth for FWD and IWD. For each form of
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Figure 3.7: Results for strip deflection for D/ρwg = 105 m4, h = 1, 10, 100 m, for λ = 0.3l
(a) and λ = 0.5l (b).
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Figure 3.8: Results for the deflection for D/ρwg = 105 m4, h = 10 m, λ = 0.5l for the
strip (a) and for the SIP (b), different angles, finite water depth.

the plate, results are presented for four values of the angle of incidence.
Figure 3.10 shows results for IWD and FWD for the plate flexural rigidity D/ρwg =

107 m4. It is seen that plate having larger rigidity is less dependent on the depth.
In figure 3.11, we show results for water of finite depth for different values of β including

β ≥ βcr. As we have noted before, in such cases our model remains valid: the plate is
deflected only near the edge.

Figure 3.12 gives the results for the reflection and transmission coefficients for FWD
and SWD. Results are given for absolute values of the coefficients. The peaks of the plot
for the reflection coefficient in SWD are significantly higher than in FWD; numerically
this coefficient is quite close to that for IWD. Wave energy is conserved up to a high
degree of accuracy |R|2 + |T |2 = 1.

In figure 3.13, we demonstrate the influence of the number of dispersion relation roots
on the results. The figures are shown for the depths 200 m and 10 m, respectively, and
compared for three wavelengths. The lower graph in figure 3.13(a) can be a model of the
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Figure 3.9: Results for the deflection for D/ρwg = 105 m4, λ = 0.5l for the strip (a) and
for the SIP (b), different angles, infinite water depth.
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Figure 3.10: Comparison of the results for the deflection for the strip and SIP for
D/ρwg = 107 m4, β = 0◦ on water of infinite (a) and finite, h = 100 m, (b) depth.

IWD case — the wavelength is 30 m while the depth is 200 m with relevant behavior of
the plate. The difference between results is large near the edges of the strip. All other
graphs correspond to finite water depth. In this case, differences between the results are
small, especially if we consider rather shallow depth.

Also, we found that when the depth becomes larger than 200 m, the roots of dispersion
relation are convergent and the numerical results are close to those for IWD.

Results for the propagation of the rays are shown in figure 3.14 for zero reflection (this
case corresponds to a semi-infinite plate); it also shows the contribution of one (first)
reflection at x = l separately, the combined result after one reflection at x = l, and one
at x = 0, and finally the result after multiple reflection. The result after two reflections
is an overestimation of the final result.

In figures 3.15 we show that numerical results obtained by different approaches and
computational programs for the same values of depth are very close. It is shown that the
FWD solution can be used to obtain results for IWD and SWD.
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Figure 3.11: Results for the deflection for D/ρwg = 105 m4, h = 100 m, λ = 0.3l for the
strip (a) and for the SIP (b), finite water depth.
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Figure 3.12: Reflection and transmission coefficients for D/ρwg = 105 m4, β = 0◦ for
h = 100 m (a) and h = 1 m (b).

We already mentioned that the case of finite water depth is general. By taking the
limit h→ ∞, we arrive at IWD, and by the limit h→ 0 at SWD, including transition from
the dispersion relation for finite water to that for infinite and shallow water, respectively.

The comparison of our results derived for the strip-shaped plate with the results of
Takagi et al. [115] and Yoshimoto et al. [152] is shown in figure 3.16, subplots (a) and
(b), respectively. The comparison is provided for the general case of finite water depth.
In the first subplot we compare our results with ones of Takagi et al. [115], who used
an eigenfunction expansion method. Then, results are compared with those obtained by
a modal analysis by Yoshimoto et al. [152], in the second subplot. The comparisons
presented show very good agreement of all three different methods. For infinite depth,
we compare numerical results with those obtained of Tkacheva [126] by the Wiener-
Hopf technique, and with the results of Hermans [40] obtained by boundary element
computations. These comparisons also proves the accuracy of the method presented in
this chapter.
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Figure 3.13: Comparison of the results for D/ρwg = 105 m4, β = 0◦ for 3, 10, 20 and 50
wave modes, h = 200 m (a) and h = 10 m (b).
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3.8 Conclusions

The problem of the hydroelastic behavior of a floating plate has been solved for two
plate planforms: a half-plane and a strip. The motion of the plate and its hydroelastic
response to incoming waves were studied analytically and numerically. The problem has
been solved and results are shown for three different models: infinite, finite, and shallow
water depth. The comparison of results obtained for different models has been provided.
Also, we have presented the comparison with the results obtained by other approaches,
which shows a good agreement of different methods.

For IWD and FWD, the results were obtained by analysis of the derived integro-
differential equation for the plate deflection and asymptotic theory of the geometrical-
optics approach. For SWD, the major simplification is the Stoker shallow-water approxi-
mation.

Three modes of deflection were considered for all depths, one traveling (propagating)
wave mode, and two damped (decaying-propagating) wave modes. Our numerical results
showed that all these approximations are consistent with each other. In the transition
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Figure 3.16: Comparison with the results of Takagi et al. [115] (a) and Yoshimoto et al.
[152] (b), the strip case, for h = 107 m, D = 1.411 × 107 m4, λ = 0.278l.

from one case to the other, the numerical values show a continuous behavior.
In the next chapters we will often refer to the analysis presented here. The solution

of the problems in chapters 4–7 is partially based on our approach and solution for the
half-plane and strip.

One of the possible extensions for the method and solution presented in this chapter
is the case of multiple floating strip-shaped plate; such real object is the Kamigoto Oil
Storage Base shown in figure 1.2. The solution for this problem is derived by Hermans
[44].





Chapter 4

Hydroelasticity of a circular plate

In this chapter we consider the diffraction of incident surface waves by a floating elastic
circular plate. We investigate the hydroelastic response of the plate to a plane incident
wave for two water depths. An analytic and numerical study is presented. An integro-
differential equation is derived for the problem, and an algorithm for its numerical solution
is proposed. The representation of the solution as a series of Bessel functions is the
key idea of the approach. After a brief introduction and formulation of the problem,
we derive the main integro-differential equation by using the thin plate theory and the
Green’s theorem. The plate deflection, free-surface elevation, and the Green’s function are
expressed in cylindrical coordinates as series of Bessel functions. For the coefficients, a
set of algebraic equations is obtained, yielding the approximate solution for infinite water
depth. Then a solution is obtained analogously for the general case of finite water depth.
The exact solution is approximated by taking into account a finite number of roots of
the dispersion relation. Numerical results for the plate deflection, initiated wave pattern
and free-surface elevation are presented for various physical parameters of the problem,
together with some remarks on the computation and discussion.

4.1 Introduction

Recently, a number of papers has been published on the hydroelastic motion of VLFS.
A detailed literature surveys for this problem are given by Watanabe et al. [143] and
Kashiwagi [52]. Our literature survey is given in section 1.3. Many different problems
related to fluid-structure interaction are treated in the books, articles and abstracts these
three surveys refer to.

The analytical solution for plates having one or two infinite dimensions, which signif-
icantly simplifies the complexity of analysis, can be derived with any of the approaches
described in the aforementioned surveys. For plates of finite extent (length), often nu-
merical methods are used. Mainly, the indicated articles study the VLFSs of rectangular
planforms. There are only few papers considering arbitrarily shaped structures, although
non-rectangular VLFSs may be used for floating airports, cities, storage facilities, power
plants, etc. [143, 144], section 1.3.

Several papers studying circular plates were presented recently at international con-
ferences. For the circular ice floe, Meylan and Squire solved the problem for deep water

67
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using the eigenfunction method [77]. A closed-form solution for a buoyant circular plate
floating on shallow water has been developed by Zilman and Miloh [153] with the shallow
water theory of Stoker [107]. This problem had also been solved by Tsubogo [132] by an
advanced boundary element method. A plate floating on shallow water under an exter-
nal load had been considered by Sturova [111]. For finite water depth, the problem was
solved by Watanabe et al. [142], who used the Galerkin method and Mindlin plate theory
[80]. Peter et al. [97] presented a solution for the same problem based on decomposing
the solution into angular eigenfunctions. Andrianov and Hermans solved the problem
of hydroelastic response of a circular plate for water of finite and infinite depth; some
preliminary results were published in [7, 8].

Here we consider the problem for a floating disk-shaped plate for two different cases:
deep water and water of finite depth. An analytical study is presented for both cases. The
circular plate floats on the surface of an ideal fluid. We consider a plate with constant
flexural rigidity and homogeneous stiffness. The edge of the plate is free of shear forces,
bending and twisting moments. We use the Green’s theorem and an integro-differential
formulation for the deflection, as derived and described in sections 2.5 and 2.7 and in
papers by Hermans [43] and Andrianov and Hermans [5, 8]. The plate deflection generated
by incoming surface waves is represented as a series of Bessel functions, multiplied by
cosine functions. The approach presented allows us to study the plate deflection, the
initiated wave pattern generated by the plate motion, and the free-surface elevation.

The main objective of our study is to determine the plate deflection by solving a set of
equations. An integro-differential equation can be derived if we apply the Green’s theorem
as in chapter 3. To complete a set of equations for determining the plate deflection, we
use the plate free edge conditions.

First, we study the behavior of the circular plate floating on the surface of water of
infinite depth. It seems a rather theoretical problem, but this is a good starting point
to find a solution for the general and most important case of finite water depth. Then,
we consider finite water depth, where the general analysis and set of equations are more
complicated, as more roots of the water dispersion relation have to be taken into account.
The numerical results obtained are presented and discussed with regard to various physical
parameters of the problem. The conclusions and the information about possible extensions
of the approach are given in the last section.

4.2 Formulation of the problem

In this section we derive the general mathematical formulation for the problem under
consideration. A thin elastic circular floating plate of radius r0 covers part of the surface
of the water, where water is assumed to be an ideal incompressible fluid. The value of the
water depth h is infinite for the IWD model and finite and constant for the FWD model.
We assume that no space exists between the free surface and the plate. The flexural
rigidity of circular plate is constant.

The plate deflection is generated by incoming surface waves. We assume that these
waves propagate in otherwise calm water. Also, it is assumed that the incoming waves
propagate in the positive x-direction without loss of generality. The wave amplitude is
assumed to be small in comparison to the other length parameters of the problem.
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The problem is considered in polar coordinates; these are related to Cartesian coor-
dinates by ρ2 = x2 + y2, ϕ = arctan y/x. The geometric sketch of the plate is shown in
figure 4.1. At the free surface z = 0, we denote the plate region as P (ρ ≤ r0; ϕ = [0, 2π]),
the plate contour as S (ρ = r0; ϕ = [0, 2π]) and the open fluid region as F (ρ > r0;
ϕ = [0, 2π]). Hence, we formulate the problem in polar coordinates.
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Figure 4.1: The geometry and coordinate system of the problem.

The velocity potential is introduced by ∇(3)Φ(ρ, ϕ, z, t) = V(ρ, ϕ, z, t), where V(ρ, ϕ, z, t)
is the fluid velocity vector. The Laplacian in cylindrical coordinates is defined as

∇2
(3) = ∆(3) =

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
+

∂2

∂z2
,

where the subscript (3) is used for three-dimensional operators, to distinguish them from
two-dimensional operators ∆ and ∇ at the free surface. The velocity potential Φ(ρ, ϕ, z, t)
is a solution of the governing Laplace equation in the fluid, z < 0,

∆(3)Φ = 0, (4.1)

together with the boundary conditions at the free surface and the bottom. The linearized
kinematic condition in the plate and water regions, z = 0, has the form

∂Φ

∂z
=
∂W

∂t
, (4.2)

whereW (ρ, ϕ, t) denotes either the deflection of the plate in P, or the free-surface elevation
in F , and t is the time. The linearized dynamic condition, derived from the linearized
Bernoulli equation, is written as

P − Patm

ρw
= −∂Φ

∂t
− gW, (4.3)

at z = 0, where ρw is the density of the fluid, g is gravitational acceleration, P (ρ, ϕ, t) is
the pressure in the fluid, and Patm is the atmospheric pressure. The relations (4.2–4.3)
are kinematic and dynamic conditions at the free surface, and the linearized free-surface
condition in the open water region F , z = 0, takes the form

∂Φ

∂z
= −1

g

∂2Φ

∂t2
. (4.4)
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The normal potential equals zero at the bottom z = −h

∂Φ

∂z
= 0. (4.5)

The platform is modeled as an elastic plate of zero thickness. Such a model can
be applied, as described above, because of the small thickness and shallow draft of the
platform. To describe the deflection of the plate W (ρ, ϕ), we apply the isotropic thin
plate theory, see section 2.3, which leads to a differential equation at z = 0 in the plate
area P, known as the Gehring-Kirchhoff equation of plate motion

D∆2W +m
∂2W

∂t2
= P − Patm, (4.6)

where m is the mass per unit area of the platform, and D is the flexural rigidity. Both
parameters are constant because the plate considered is isotropic. From now on, the
Laplacian will be a two-dimensional operator

∇2 = ∆ =
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
.

Following the procedure described in chapters 2–3 and in Andrianov and Hermans
[5], we apply the operator ∂/∂t to (4.6) and use the surface conditions (4.2) and (4.3)
to arrive at the following differential equation for the potential Φ acting on the plate at
z = 0:

{

D

ρwg
∆2 +

m

ρwg

∂2

∂t2
+ 1

}

∂Φ

∂z
+

1

g

∂2Φ

∂t2
= 0. (4.7)

Considering harmonic motion of the waves, we can write the potential of the incident
wave in the form

Φ(ρ, ϕ, z, t) = φ(ρ, ϕ, z)e−iωt, (4.8)

where ω is the wave frequency. In the same way, the deflection is written as

W (ρ, ϕ, t) = w(ρ, ϕ)e−iωt. (4.9)

Then we reduce the time dependence and consider waves of a single frequency ω and
obtain at z = 0 for the plate region P

{

D∆2 − µ+ 1
} ∂φ

∂z
−Kφ = 0, (4.10)

where K = ω2/g and the introduced structural parameters D = D/ρwg, µ = mω2/ρwg,
which are constant. For the open-water region F , we have

∂φ

∂z
−Kφ = 0. (4.11)

All the definitions given above are valid for water of both infinite and finite depth.
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The potential of the incident wave for water of finite depth has the form

φinc(ρ, ϕ, z) =
cosh k0(z + h)

cosh k0h

gA

iω
eik0ρ cosϕ, (4.12)

where k0 is the wavenumber, and A is the amplitude of the incident wave. The wavenum-
ber k0 is the positive real solution of the water dispersion relation

k tanh kh = K. (4.13)

For deep water, the potential is represented in the form

φinc(ρ, ϕ, z) =
gA

iω
eik0ρ cosϕ+k0z. (4.14)

In this case, the wavenumber is k0 = K = ω2/g.
The wavelength of the incoming waves is λ = 2π/k0. In a practical situation, the

radius of the floating circular plate r0 might be of the order of a thousand meters, while
the wavelength λ may be of the order of ten or a hundred meters. Therefore, we consider
and compute numerically the situation where the wavelength is less than the diameter
of the plate (λ < 2r0), but the approach presented in this chapter is also valid for small
circular disks (λ > 2r0).

The edge of the circular plate is free of vertical shear forces, bending and twisting
moments. Hence, the free edge conditions at the plate contour S are written as

{

∇2 − (1 − ν)

ρ

(

∂

∂ρ
+

1

ρ

∂2

∂ϕ2

)}

w = 0, (4.15)

{

∂

∂ρ
∇2 +

(1 − ν)

ρ2

(

∂

∂ρ
− 1

ρ

)

∂2

∂ϕ2

}

w = 0. (4.16)

4.3 Green’s function and deflection

In this section we describe the Green’s function and deflection function and the operations
on the corresponding Bessel functions for the circular plate. The expressions for the
Green’s function for water of infinite and finite depth can be found in Wehausen and
Laitone [146], and the modified forms for the Green’s function are given in section 2.5. In
subsection 2.5.2 we present the expressions for the Green’s function in polar coordinates.

We introduce the Green’s function for a source within the fluid which in Cartesian
coordinates satisfies ∆(3)G = 4πδ(x − ξ), where δ is the Dirac δ-function, x is a source
point, and ξ is an observation point. The Green’s function obeys the boundary conditions
at the free surface (2.45) and at the bottom (2.46), and the radiation condition (2.47).

For deep water, the three-dimensional Green’s function can be written in the following
form:

G (x, ξ) = −1

%
+

1

%1
− 2

∫

L

k

k − k0
J0(kR)ek(z+ζ) dk, (4.17)
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Figure 4.2: Contour of the integration.

where %2 = R2 + (z − ζ)2, %2
1 = R2 + (z + ζ)2, R is the horizontal distance, and J0(kR)

is the Bessel function. The contour of integration L is shown in figure 4.2. It passes
underneath the singularity k = k0 to fulfill the radiation condition.

The Green’s function in polar coordinates G(ρ, ϕ, z; r, θ, ζ) for the source and observa-
tion points at z = ζ = 0 is written as

G(ρ, ϕ; r, θ) = −2

∫

L

k

k − k0
J0(kR) dk, (4.18)

where the horizontal distance R in polar coordinates is R2(ρ, ϕ; r, θ) = ρ2 + r2 −
2ρr cos (θ − ϕ). Here, ρ and r are the distances from the center of the plate to the
source and to the observation points, respectively, and θ − ϕ is the angle between r and
ρ.

We apply Graf’s addition theorem to the Bessel function J0(kR) in expression (4.18).
Following Tranter [131], we write

J0(kR) =
∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ), (4.19)

where J0(kR) is represented as a combination of the Bessel functions Jq(kr) and Jq(kρ),
δ0 = 1 and δq = 2 for q > 0. Finally, the Green’s function in polar coordinates for deep
water takes the form

G(ρ, ϕ; r, θ) = −2

∞
∫

0

k

k − k0

∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk. (4.20)

The Green’s function for finite water depth obeys the conditions at the free surface
(2.45), at the bottom (2.46), and the radiation condition (2.47). The three-dimensional
Green’s function at z = ζ = 0 has the following form in polar coordinates:

G(ρ, ϕ; r, θ) = −2

∫

L

k cosh kh

k sinh kh−K cosh kh
J0(kR) dk, (4.21)

where L is the contour of the integration in the complex k-plane, given in figure 4.2.
Again we apply Graf’s addition theorem to the Bessel function in the integrand, and the
Green’s function takes the form

G(ρ, ϕ; r, θ) = −2

∞
∫

0

k cosh kh

k sinh kh−K cosh kh

∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk. (4.22)
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As in the eigenfunction approach, see, e.g., Kim and Ertekin [56] for finite water depth
and Meylan and Squire [77] for infinite water depth, we represent the plate deflection as
a series of Bessel functions with corresponding coefficients of the form

w(ρ, ϕ) =
M
∑

m=1

∞
∑

n=0

amnJn(κmρ) cosnϕ, (4.23)

where amn are unknown amplitude functions and κm are the wavenumbers in the plate
region. It will be shown later that κm, m = 1, ...,M obeys the plate dispersion relation.
M is the number of wave modes taken into account, i.e., the number of roots of the plate
dispersion relation.

For numerical computations, we will take the upper limit of q in expressions (4.20) or
(4.22) and n in expression (4.23) as N , which is a truncation parameter of the problem.
We can do this because the Bessel functions decay with increasing order. Convergence of
the final results is verified in the numerical computations. All terms of an order higher
than N are negligible.

In the next section, we will apply the Green’s theorem at z = ζ = 0. An application of
the Green’s theorem at z < 0 together with the expansion (4.23) gives rise to the standard
eigenfunction expansion as can be found in Meylan and Squire [77] for the potential in
the entire fluid domain.

4.4 Infinite water depth

Here we apply Green’s theorem to obtain the integro-differential equation for the potential
and vertical displacements. Then an approximate solution is derived for the more theoret-
ical and less complicated case of deep water. The deep-water case is a good intermediate
step for deriving the solution for finite water depth, which is our main interest. The main
integro-differential equation has been derived for the general three-dimensional situation
described in chapter 2 and applied in chapter 3, see also Hermans [41] and Andrianov and
Hermans [5]. Now we rederive it in polar coordinates.

The application of the Green’s theorem leads to the following expression for the total
potential at z = ζ = 0:

4πφ(ρ, ϕ) = 4πφinc(ρ, ϕ) +

∫

P

G(ρ, ϕ; r, θ)

(

Kφ(r, θ) − ∂φ(r, θ)

∂ζ

)

r dr dθ, (4.24)

where the free-surface condition (2.45) for the Green’s function has been used.
We use the notation φF for the potential function in the open water region F . The

potential φF is the superposition of the incident wave potential φinc and φdis, which is the
sum of the classical diffraction potential and the radiation potential, as follows:

φF = φinc + φdis. (4.25)

The potential φdis must satisfy the Sommerfeld radiation condition

√
ρ

(

∂

∂ρ
− ik0

)

φdis = 0 (4.26)
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as ρ→ ∞. The total potential in the area covered by the plate P is denoted by φP .
Using the dynamic condition (4.10) for the plate region P to express φP in terms of

an operator acting on φP
z , we obtain the following equation:

{

D∆2 − µ+ 1
}

φP
z =

K

4π

∫

P

G(ρ, ϕ; r, θ)
{

D∆2 − µ
}

φP
ζ r dr dθ + φinc

z , (4.27)

where condition (4.11) has been used for the last term, which represents the potential
of the incoming waves. The relation (4.27) is suitable for further analysis to derive the
integro-differential equation for the plate deflection. We switch from the potential to the
deflection function by using the expression

φP
z = −iωw, (4.28)

derived from the kinematic condition (4.2). Hence, the following equation is obtained:

{

D∆2 − µ+ 1
}

w(ρ, ϕ) =
K

4π

∫

P

G(ρ, ϕ; r, θ)
{

D∆2 − µ
}

w(r, θ)r dr dθ + Aeik0ρ cosϕ

(4.29)

for the plate deflection w. Equation (4.29) can be considered as the governing equation
for the problem of diffraction of incident water surface waves on a circular plate which
floats in deep water.

We insert the relations for the deflection (4.23) and Green’s function (4.20) into IDE
(4.29) and obtain the expanded integro-differential equation:

{

D∆2 − µ+ 1
}

M
∑

m=1

N
∑

n=0

amnJn(κmρ) cosnϕ

+
K

2π

2π
∫

0

r0
∫

0

{

D∆2 − µ
}

M
∑

m=1

N
∑

n=0

amnJn(κmr) cosnθ

×





∞
∫

0

k

k − k0

N
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk



 r dr dθ = A
N
∑

n=0

εnJn(k0ρ) cos nϕ,

(4.30)

where εn = δni
n. Due to the orthogonality relation for the cosine functions we only get a

nonzero contribution in the integrand for n = q. Next, we work out the integration with
respect to r and θ. The integration over r, in accordance with Korn and Korn [60], gives
us

r0
∫

0

Jn(kr)Jn(κmr)r dr =
r0

(k2 − κ2
m)

[kJn+1(kr0)Jn(κmr0) − κmJn(kr0)Jn+1(κmr0)] ,

(4.31)

while the integration over θ gives us 2π for n = 0 and δnπ cosnϕ for n > 0, and then
2π cos nϕ for all n.
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In such a way, we also obtain the following set of N + 1 equations from the integro-
differential equation (4.30):

M
∑

m=1

(

Dκ4
m − µ+ 1

)

amnJn(κmρ) +Kr0

∞
∫

0

M
∑

m=1

(

Dκ4
m − µ

)

amnJn(kρ)

× k

(k − k0)(k2 − κ2
m)

[kJn+1(kr0)Jn(κmr0) − κmJn(kr0)Jn+1(κmr0)] dk = AεnJn(k0ρ),

(4.32)

where n = 0, ..., N . Here, k = κm is not a singularity of the integrand. For plates with
one infinite dimension, the deflection can be represented as a superposition of exponential
functions, as shown in section 2.6. Therefore, it is easier to work out the integration over
k in the integro-differential equation for those problems. For a circular plate, however,
the integration in the complex plane needs special attention, which is described below.

For the plate region P (ρ < r0), we represent the Bessel function Jq(kr0) — where q
is n or n+ 1 — as the half-sum of Hankel functions of the first and second kind

Jq(kr0) =
H

(1)
q (kr0) + H

(2)
q (kr0)

2
. (4.33)

Then the integral in equation (4.32) is split up in two; these two parts we transform into
integrals along the vertical axis in the complex k-plane plus the sum of the residues. All
poles in the complex plane are shown in figure 4.3. For the first integral with H

(1)
q (kr0),

the contour can be closed in the upper half-plane with the poles k = κm, and for the
second one with H

(2)
q (kr0), it can be closed in the lower half-plane, where the poles are

k = −κm.

PSfrag replacements

κ1

κ2κ3

−κ1

−κ2 −κ3

Figure 4.3: Zeros of the dispersion relation for deep water.

Next, we consider two separate situations to derive the plate dispersion relation. In
the first integral, each of the Bessel functions with the argument κmr0 is represented as
the half-sum of Hankel functions of first and second kind. After application of the Cauchy
residue theorem to the integrand at the poles k = κm, the Wronskian W can be used, see
e.g. Abramowitz and Stegun [1], in those poles for the combination of Hankel functions:

W
{

H(1)
n (κmr0),H

(2)
n (κmr0)

}

= H
(1)
n+1(κmr0)H

(2)
n (κmr0) − H(1)

n (κmr0)H
(2)
n+1(κmr0) = − 4i

πκmr0
. (4.34)
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For the second integral, we apply the procedure described above and use the fact that
H(2)
q (−κmr0) = −eqπiH(1)

q (κmr0). Then, the coefficients of Jn(κr0) are considered to derive
the dispersion relation for deep water

(

Dκ4 − µ+ 1
)

κ = ±k0, (4.35)

where the plus sign on the right-hand side corresponds to the first situation, and the minus
sign to the second. The roots of the plate dispersion relation (4.35) are shown in figure
4.3: two real roots ±κ1, and four complex roots ±κ2 and ±κ3, which are symmetrically
placed with respect to both the real and imaginary axes. Due to the symmetry of the
Bessel function, three roots of the plate dispersion relation (4.35) are taken into account:
real positive κ1, complex κ2 and κ3 with equal imaginary parts and equal real parts but
of opposite sign. The real root κ1 represents the main traveling wave mode and the two
complex roots damped wave modes.

In this way, for infinite water depth, we use three roots of the plate dispersion relation,
as for the semi-infinite plate in chapter 3, and in the equations of this section the upper
limit of the summation M is equal to 3. For finite depth, more than three roots are taken
into account.

In the first integral we also obtain a contribution of the pole k = k0 of the integrand.
This contribution has to cancel the term on the right-hand side of the expanded IDE
(4.32). Because we use the deep water case to introduce the finite water-depth case, we
do not consider the contribution of the integral along the imaginary axis, which makes
our solution for the IWD case approximate. The application of the Jordan’s lemma and
the contribution of the pole k = k0 leads to N + 1 relations:

πir0

M
∑

m=1

k2
0

k2
0 − κ2

m

[

k0H
(1)
n+1(k0r0)Jn(κmr0) − κmH(1)

n (k0r0)Jn+1(κmr0)
]

×
(

Dκ4
m − µ

)

amn = Aεn. (4.36)

The system for determining the unknown amplitudes amn can be completed by the
free edge conditions. We obtain N + 1 equations from each of the free edge conditions
(4.15–4.16) at ρ = r0:

M
∑

m=1

[

Jn(κmr0)

(

−κ2
m +

(1 − ν)n(n− 1)

r2
0

)

+ Jn+1(κmr0)κm
(1 − ν)

r0

]

amn = 0, (4.37)

M
∑

m=1

[

Jn(κmr0)

(

− n

r0
κ2
m +

(1 − ν)n2(1 − n)

r3
0

)

+Jn+1(κmr0)

(

κ3
m +

(1 − ν)n2

r2
0

κm

)]

amn = 0. (4.38)

In such a way we have derived the system of 3N + 3 equations (4.36–4.38), as M = 3
for the IWD case, for the determination of 3N +3 amplitudes amn. When the amplitudes
are known, the plate deflection can be calculated with formula (4.23).
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4.5 Finite water depth

In this section we consider the general case where the plate floats on water of finite depth.
The governing integro-differential equation can be derived similarly as in the previous
section. It takes the form of IDE (4.29), the same as in the deep water case, where we
use expression (4.22) for the Green’s function for the finite water-depth case.

Inserting the relations for the plate deflection (4.23) and Green’s function (4.22) into
IDE (4.29), we obtain the following expanded integro-differential equation for water of
finite depth:

{

D∆2 − µ+ 1
}

M
∑

m=1

N
∑

n=0

amnJn(κmρ) cosnϕ

=
K

2π

2π
∫

0

r0
∫

0

{

D∆2 − µ
}

M
∑

m=1

N
∑

n=0

amnJn(κmr) cosnθ





∞
∫

0

k cosh kh

K cosh kh− k sinh kh

×
N
∑

q=0

δqJq(kr)Jm(kρ) cos q(θ − ϕ) dk

)

r dr dθ + A

N
∑

n=0

εnJn(k0ρ) cosnϕ (4.39)

at the free surface z = 0. Only the case q = n has to be considered, as was done for
infinitely deep water. First we close the contour of the integration. Then the integration
with respect to r and θ in equation (4.39) leads us to the set of N + 1 equations

M
∑

m=1

(

Dκ4
m − µ+ 1

)

amnJn(κmρ) +Kr0

∫

L

M
∑

m=1

(

Dκ4
m − µ

)

amnJn(kρ)

× k cosh kh

(K cosh kh− k sinh kh)(k2 − κ2
m)

[kJn+1(kr0)Jn(κmr0) − κJn(kr0)Jn+1(κmr0)] dk

= AεnJn(k0ρ), (4.40)

where n = 0, ..., N .
Next, we consider the function

F (k) =
k cosh kh

K cosh kh− k sinh kh
. (4.41)

The poles of function F (k) are the roots of the dispersion relation for water region (4.13)
k = ±ki, i = 0, ...,M−3, where k0 is the positive real root, and ki, for i 6= 0, is the positive
imaginary root, as shown in figure 4.4. The function F (k) is meromorphic as it is bounded
for all roots. For our problem, the meromorphic function F (k) can be represented in the
following way:

F (k) =
M−3
∑

i=0

k2
i

k2
i h−K2h +K

(

1

k + ki
+

1

k − ki

)

. (4.42)

This procedure is described by Whittaker and Watson [148] and applied in John [48]. The
upper bound in the summation is chosen in accordance with the number of imaginary roots
of the water dispersion relation (4.13).
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Figure 4.4: Closure of the integration contour in the upper half-plane.

Next, we insert relation (4.42) into equation (4.40), where two integrals in the complex
k-plane are considered, which can be combined into one integral from −∞ to +∞ with
only the poles k = ki. Finally, we derive the governing integro-differential equation for
finite water depth

M
∑

m=1

(

Dκ4
m − µ+ 1

)

amnJn(κmρ) +Kr0

∞
∫

−∞

M
∑

m=1

(

Dκ4
m − µ

)

amn
Jn(kρ)

(k2 − κ2
m)

×
M−3
∑

i=0

k2
i

(k2
i h−K2h +K)(k − ki)

[kJn+1(kr0)Jn(κmr0) − κmJn(kr0)Jn+1(κmr0)] dk

= AεnJn(k0ρ) (4.43)

at z = 0. Now the integration in the complex plane has to be carried out, which can be
done analogously to the deep water case. The contour of the integration is depicted in
figure 4.4.

We split up the Bessel functions with the argument kr0 into half-sums of Hankel
functions by formula (4.33), which turns the integral in equation (4.43) into the sum of
the integrals in the upper and lower half-planes. The sum of the residues gives us the
same result in both situations due to the property of the meromorphic function. Also, the
Wronskian (4.34) can be used for the combination of the Hankel functions. The residue
lemma is applied at the poles k = κm, that leads to the standard dispersion relation for
water of finite depth if we consider the coefficients of Jn(κr0).

The plate dispersion relation has the following form:
(

Dκ4 − µ+ 1
)

κ tanh κh = K. (4.44)

The dispersion relation (4.44) has two real roots ±κ1, and four complex roots ±κ2 and
±κ3, symmetrically placed with respect to both the real and imaginary axes, those six
being of the same order as in the deep-water case; this relation also has infinitely many
pure imaginary roots. Here, we take into account M roots of relation (4.44): one real
positive root κ1, and two complex roots κ2 and κ3, with equal imaginary and real parts
where the latter are of opposite sign, as well as M − 3 imaginary roots, all located in the
upper half-plane. We notice that the positions of the roots κm in the complex k-plane are
similar to those of the roots of the water dispersion relation (4.13), except for those of the
two complex roots κ2 and κ3. Deriving the dispersion relation (4.44) from IDE (4.43) is
a good way to check the correctness of the approach.
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Then we consider the contribution of the roots of the water dispersion relation, plotted
in figure 4.4. The contour of integration for the integrals with H

(1)
q (kr0) and with H

(2)
q (kr0)

may be closed in the upper and lower half-plane, respectively. In the latter case we get a
zero contribution because the poles are as indicated in figure 4.4. The application of the
Cauchy theorem to the integral closed in the upper half-plane gives the following N + 1
equations to determine the amplitudes amn:

πiKr0

M
∑

m=1

k2
0

(k2
0 − κ2

m)(k2
0h−K2h+K)

×
[

k0H
(1)
n+1(k0r0)Jn(κmr0) − κmH(1)

n (k0r0)Jn+1(κmr0)
]

(

Dκ4
m − µ

)

amn = Aεn, (4.45)

and the poles at the imaginary axis k = ki result in a set of (M − 3)(N + 1) equations:

πiKr0

M
∑

m=1

k2
i

(k2
i − κ2

m)(k2
i h−K2h+K)

×
[

kiH
(1)
n+1(kir0)Jn(κmr0) − κmH(1)

n (kir0)Jn+1(κmr0)
]

(Dκ4
m − µ)amn = 0, (4.46)

where i = 1, ...,M − 3. The free edge conditions (4.37–4.38) give us 2(N + 1) equations,
as in the previous section. Hence, we derive a system of M(N +1) equations (4.45–4.46),
(4.37–4.38) to determine the amplitudes amn for the plate floating in water of finite depth.
After solving this system, we can compute the deflection of the circular plate with formula
(4.23).

The finite depth model can be used for problems of shallow water, and the results
obtained are more accurate than those obtained by the shallow water approximation
because more roots of the water and plate dispersion relations are taken into account.

4.6 Free-surface elevation and initiated wave

pattern

Here we study the total free-surface elevation and wave pattern generated by the plate
motion. The free-surface elevation can be determined with our approach for the plate-
water interaction and integro-differential equation. The wave field initiated by the motion
of the plate is the sum of the scattered and diffracted wave fields.

The total potential in F (r > r0) is represented in equation (4.25) as the sum of the
incident wave potential and the potential of waves which appeared due to the vibration
of the plate. Therefore, the free-surface elevation ζ in the open fluid region F equals the
sum of the incident wave elevation and the additional wave elevation generated by the
motion of the plate,

ζ(ρ, ϕ) = ζ inc(ρ, ϕ) + ζpm(ρ, ϕ), (4.47)

where the value of elevation ζ inc is known, as it is the parameter of the incident wave field,
while the value of ζpm may be obtained from analysis of an integro-differential equation.
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For the region F we can derive from equation (4.27), analogously to the analysis for
the plate area P, the following integro-differential equation

ζ = Aeik0ρ cosϕ +
K

4π

∫

P

G(ρ, ϕ; r, θ)
{

D∆2 − µ
}

w(r, θ)r dr dθ. (4.48)

From the IDE (4.48), with the residue lemma at the pole k = k0, we obtain the following
expression for the free-surface elevation for water of infinite depth

ζ(ρ, ϕ) = Aeik0ρ cosϕ − πir0

M
∑

m=1

k2
0

(k2
0 − κ2

m)

(

Dκ4
m − µ

)

×
N
∑

n=0

amn [k0Jn+1(k0r0)Jn(κmr0) − κmJn(k0r0)Jn+1(κmr0)] H(1)
n (k0ρ) dk. (4.49)

For finite water depth, after using the residue lemma at the poles k = ki, we obtain
the following expression for the free-surface elevation:

ζ(ρ, ϕ) = Aeik0ρ cosϕ − πiKr0

M
∑

m=1

M−3
∑

i=0

k2
i

(k2
i − κ2

m)(k2
i h−K2h +K)

(

Dκ4
m − µ

)

×
N
∑

n=0

amn [kiJn+1(kir0)Jn(κmr0) − κmJn(kir0)Jn+1(κmr0)] H(1)
n (kiρ) dk. (4.50)

The expressions (4.49) and (4.50) are used to calculate the total free-surface elevation.
To study the initiated wave pattern, i.e., to see the consequence of the presence of

floating plate, we may subtract the incident field from these expressions. The second
terms on the right-hand side of formulas (4.49) and (4.50) represent ζpm for the cases of
infinite and finite water depth, respectively. The numerical computation details are given
in the next section.

4.7 Numerical results and discussion

This section gives numerical results for the deflection of the circular plate, free-surface
elevation and initiated wave pattern for different values of the physical parameters. Re-
sults are presented for relevant and practically important cases. Also some comments are
made on the numerical calculation and about the results obtained. In all figures, the left
subplot is denoted as (a), and the right as (b); if there are four subplots, then the lower
left is denoted as (c) and lower right as (d).

The Bessel functions of a complex argument, including κ2 and κ3, have to be calculated
carefully. The amplitudes amn of each wave mode behave as decaying functions because of
the decay of the Bessel functions with respect to the order n, common for Bessel functions
and amplitudes. Similar behavior of these amplitudes is reported by Zilman and Miloh
[153] for shallow water. If we increase the value of flexural rigidity or radius, the decay is
faster. Taking into account the first 30 terms of the series resulted in sufficient accuracy
for realistic rigidity values. Even for very low rigidity, it is sufficient to choose this number
of terms.
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Figure 4.5: Deflection of the circular plate, for λ = 50 m, r0 = 500 m, D = 105 m4: a)
infinite depth, b) finite depth, h = 20 m.
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Figure 4.6: Deflection of the circular plate, as figure 4.5, for λ = 100 m.

To avoid difficulties in numerical computation when the argument of the function is
small, it is possible in principle to use the recurrence relation described in Abramowitz
and Stegun [1],

Cn+1(z) =
2n

z
Cn(z) − Cn−1(z), (4.51)

where C denotes functions J, H(1) or H(2), and z denotes the arguments in the correspond-
ing functions.

Numerical calculations were performed for various values of the plate radius and flexu-
ral rigidity, while Poisson’s ratio ν = 0.25 and ratio m/ρw = 0.25 m are remained constant.
Taking the wave amplitude as A = 1 m, we varied the water depth and incident wave-
length, which leads to different values of the wavenumber k0 and of the frequency ω. As
was described above, the number of Bessel function modes which were taken into account
is N = 30. The number of roots of the plate dispersion relation for finite water depth
(4.44) which were taken into account was M = 10. Especially for shallow water, there was
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Figure 4.7: Deflection of the circular plate, for h = 100 m, r0 = 500 m, D = 105 m4: a)
λ = 50 m, b) λ = 100 m, c) λ = 200 m, d) λ = 500 m.

hardly any difference in the results due to the number of roots M , while for deep water,
the influence of the number of roots can be seen in the area close to the plate edge. The
choice of such values of truncation parameters M and N was also justified by numerical
tests. More details about the number of roots were given in chapter 3.

The numerical results are plotted for the real part of the plate deflection normalized
by the wave amplitude Re(w)/A, denoted by W in the figures. The results for both water
depths are shown in the figures for a constant plate radius and rigidity and different
wavelengths and water depths. The results for the circular plate on water of infinite
depth are shown in subplots (a) of figures 4.5–4.6. The results for finite water depth are
shown in all other subplots of figures 4.5–4.8. We can see clearly the wave propagation
through the plate area.

The figures shown demonstrate that the wave traveling through the plate propagates
with a curved wave front. This is especially prominent for cases where the wavelength
is much smaller than the diameter of the circle. The plate deflection highly depends on
the ratio between its radius r0 and the wavelength λ. We found that for the rigidity
parameter D > 107 m4, the plate behaves like a very rigid body, whereas for D < 103 m4,
the plate has hardly any influence on the surface waves. Realistic values of the reduced
flexural rigidity D are of the order of about 107 m4 for the plate, while for ice, it can be
of an order of about 105 m4. Certainly, the rigidity of the floating platform, the Young’s
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Figure 4.8: Deflection of the circular plate, for h = 100 m, r0 = 500 m, D = 107 m4: a)
λ = 100 m, b) λ = 500 m.
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Figure 4.9: Initiated wave pattern, for h = 100 m, λ = 500 m, r0 = 500 m, rf = 2500 m:
a) D = 106 m4, b) D = 107 m4.

modulus and Poisson’s ratio highly depend on the structure material used. In a zone close
to the plate edge, the deflection displays special behavior and can be quite different from
the deflection in the center zone for a floating plate with low rigidity.

We also found that computational results for large depths, h > 100 m, remained
almost the same with a growth of water depth. So, for such deep water, the depth does
not strongly influence the results, and for this situation it is sufficient to take M = 10
as well. With decreasing water depth, the results for the plate deflection and free-surface
elevation change gradually, i.e., the smaller the water depth, the larger its influence on the
results. In addition the deflection of the plate is influenced by the rigidity (or stiffness)
of the plate and by the wavelength: it increases with both of them. It also increases
numerically with the water depth.

In figure 4.9 we show the results for the initiated wave pattern, i.e. for the free-surface
elevation ζpm, generated by the motion of the circular plate. The subplots are given for
the surface of a fluid domain of radius rf , for water of finite depth. The initiated wave
pattern highly depends on the water depth h and physical plate properties.
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Figure 4.10: Initiated wave pattern (a) and free-surface elevation (b), for λ = 500 m,
r0 = 500 m, rf = 2500 m, D = 108 m4.
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Figure 4.11: Initiated wave pattern (a) and free-surface elevation (b), for h = 100 m,
λ = 500 m, r0 = 500 m, rf = 2500 m, D = 108 m4.

In figures 4.10–4.11, numerical results are given for the initiated wave pattern, subplots
(a), and the free-surface elevation, subplots (b), for infinite and finite water depth. The
influence of the plate motion is clearly visible in the area behind the plate, where the
propagation of the waves clearly changes. With the flexural rigidity of the plate (or its
stiffness or Poisson’s ratio), there is also an increase in the influence of the motion of the
plate on the total elevation of the water surface. All figures are symmetric about the
x-axis, because incoming plane waves propagate in the x-direction and their crests are
parallel to the y-axis.

4.8 Conclusions and summary

The problem of interaction between a floating elastic circular plate and incident surface
waves has been solved. The hydroelastic behavior of the plate was studied analytically
and numerically. The integro-differential equation for the problem was derived, and an
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algorithm of its numerical solution proposed. For finite water depth, a system of equations
for the expansion coefficients was obtained analytically. For infinitely deep water, the
problem was solved partly.

The finite water-depth model can be used to solve the plate-water interaction problem
for the case of shallow water or water of infinite depth. Taking the limits h → ∞ and
h→ 0, we can derive the dispersion relations for deep or shallow water from the dispersion
relation for water of finite depth. The floating structures are located in offshore zones,
usually close to shore. Normally, the water is rather shallow in such zones, but as the
wavelength could be short or long it is more universal to use finite water depth results to
describe the motion of the structure and its hydroelastic response to ocean or sea waves.

The initiated wave pattern and the free-surface elevation in the open water region, the
reflection and the transmission of incoming waves can also be described with the derived
integro-differential equation. In contrast to other approaches, our approach can find
the plate deflection and free-surface elevation using one set of equations. The approach
presented can be extended to other rotationally symmetric configurations of the plate,
e.g., the ring-shaped plate considered in the next chapter.

The approach is valid when the plate thickness and draft are assumed to be zero. To
extend our method to plates of finite thickness, we may do the following. The deflection
of the plate may be represented in the form

w = w(0)(κ(0)
m ) + dw(1)(κ(0)

m , κ(1)
m ), (4.52)

where w(0) is the solution obtained in the foregoing with the zero-thickness assumption,
and κ

(0)
m are the roots of the plate dispersion relation, also given in the foregoing, d is the

draft of the plate, the superscripts denote the draft order. To avoid secular terms in w(1),
κ

(0)
m will be determined. The term w(1) can then be derived with the function w(0) and the

extended dispersion relation for the first draft order, where the roots κ
(1)
m are expressed

via κ
(0)
m . Further details are presented in chapter 7.

One of possible applications of the method is its use for hydroelastic analysis of a
VLFP for, say, a floating airport. The planform of a VLFP depends on the currents of
the sea or ocean, in which it is to be installed, and on the distance from the coast, water
depth, expected diffraction pattern, etc. In some cases it can make sense to give a VLFP
an arbitrary horizontal shape, for instance a circular planform.

By inserting the physical properties of ice instead of those of the elastic plate, we can
use the present approach to study the motion of large ice fields in water waves. There are
so-called pancake ice fields with horizontal shape very close to a circle, whose ice-water
interaction may be studied with the given method.





Chapter 5

Hydroelastic behavior of a ring-shaped

plate

This chapter considers the diffraction of plane incident waves on a flexible ring-shaped
floating plate and this plate’s response to incident waves. An analytic and numerical study
of the hydroelastic behavior of the plate is presented. An integro-differential equation is
derived for the problem, and an algorithm of its numerical solution is proposed. The
key ingredient of the approach is the representation of the solution as a series of Hankel
functions. After an introduction, the problem is formulated. In section 5.3, the main
integro-differential equation is derived on the basis of the Laplace equation and thin-plate
theory. The plate deflection and free-surface elevation are expressed in polar coordinates
as superpositions of Hankel functions, and the Green’s function as a superposition of
Bessel functions (as in previous chapter). These expressions, given in section 5.4, are
used to analyze the integro-differential equation further. The problem is solved for two
water depths: infinite and finite. For the coefficients for infinite depth, a set of algebraic
equations is obtained, yielding an approximate solution in section 6. Then analogously
a solution is obtained for the general and most important case of finite water depth in
section 5.7. The exact solution might be approximated by taking into account a finite
number of roots of the plate dispersion relation. Also, the influence of the plate’s motion
on wave propagation in the open water region and within the gap of the ring is studied.
Numerical results are presented for illustrative purposes.

5.1 Introduction and background

This thesis studies the interaction between incident surface water waves and floating elastic
plates. A literature survey for the problem was presented in section 1.3 and recently
one has been published by Watanabe et al. [143]. Mainly plates having rectangular
planforms have been studied. However, several papers studying the circular plate have
been published recently as indicated in section 4.1. The problem for a circular plate on
shallow water was solved by Zilman and Miloh [153] and Tsubogo [132]. For finite water
depth, the problem was solved by Watanabe et al. [142] by use of the Galerkin method
and Mindlin plate theory [80], and by Peter et al. [97], who presented a solution that
is decomposed into angular eigenfunctions. In chapter 4, we solved the problem for a

87
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circular disk on water of finite and infinite depth using an integro-differential formulation.
Here, the theory is extended to the case of a ring-shaped plate (or, as it is described

in some of the literature, a circular plate with a circular hole). A floating structure of
this form may be either of large dimensions, for VLFPs, or small, for other purposes. The
hydroelastic behavior of the ring-shaped floating elastic plate and its response to incident
surface waves are investigated. The ring floats on the surface of an ideal, incompressible
fluid. We consider two water depths. First, we study the motion of a ring floating on the
surface of water of infinite depth. Next, the case of water of finite depth is considered,
where the general analysis and set of equations are more complicated as more roots of a
water dispersion relation have to be taken into account. An analytical study is carried
out and presented for both cases. The problem for water of shallow depth can be solved
more easily by the use of the well-known Stoker approximation theory [107]. In the latter
case, a set of equations is derived from free-edge and transition conditions at the inner
and outer edges of the ring.

The integro-differential formulation which allows us to solve the diffraction problem
for different geometrical configurations was developed in chapter 2, and, with modifica-
tions due to polar coordinates, in chapter 4. This formulation was used in chapters 3–4
and articles [8, 43, 5, 44]. The formulation might be applied to a plate of finite or infinite
dimensions and even to the case of multiple plates. In addition we use the thin plate the-
ory, the Laplace equation in the fluid supplemented by surface and boundary conditions,
and the Green’s theorem.

We consider an elastic plate of constant flexural rigidity and homogeneous stiffness.
The edges of the ring are free of shear forces, bending and twisting moments. The plate
deflection is generated by incoming plane surface waves. In general, in this section, we
follow the analysis presented in chapter 4, for formulating the problem and deriving an
IDE. However, an analysis for the case of the ring-shaped plate is more complicated.
Nevertheless, we shall investigate the behavior of water waves in the ring gap as well.
Hence, here we derive the solution for the plate deflection and free-surface elevation in
the far field and ring gap.

The plate deflection is represented as a superposition of Hankel functions with corre-
sponding coefficients, containing amplitudes. In a similar way, we represent the Green’s
function, obeying the boundary conditions at the free surface and at the sea bed, as a
series of Bessel functions for both water depths. Further, as in chapter 4, we apply Graf’s
addition theorem to the Green’s function.

Next, we derive the governing integro-differential equation. The problem involves two
dispersion relations: one in the plate region, and one in the open water. An analysis
of integrals in the complex plane and use of Cauchy’s theorem lead us to the dispersion
relation in the plate region. Furthermore, we derive from the integro-differential equation,
supplemented by the free-edge conditions, a set of equations for the coefficients in the series
expansion to determine the plate deflection. In addition, the free-surface elevation in the
ring gap and in the open water field is studied. To analyze the influence of the plate
on the propagation of incoming waves, we obtain results for the wave pattern generated
by the plate’s motion. Numerical results are obtained for different values of the physical
parameters for practically important cases. Some details of the approach and the results
have recently been published in [9].
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5.2 Mathematical formulation

A thin elastic ring-shaped floating plate of inner radius r1 and outer radius r0 covers a part
of the surface of an ideal, incompressible expanse of water. A plate with zero thickness
can serve as a model of the VLFP, as described previously, due to the small thickness and
shallow draft of the platform. The water depth h is infinite for deep water, and finite and
constant for the other case. We assume that no space exists between the free surface and
the plate. The flexural rigidity of the thin elastic isotropic plate is constant.

The plate deflection is generated by incoming surface waves of length λ. It is also
assumed that incoming waves propagate in water that is still homogeneous in the positive
x-direction. The wave amplitude A is rather small in comparison with other length
parameters of the problem.

The horizontal geometry sketch of the plate is shown in figure 5.1. The radial coor-
dinate ρ is measured from the center of the plate. We denote the surface of the fluid
domain in the plate region (r1 ≤ ρ ≤ r0) as P and in the open water as F , where the
open-water region outside the plate is F0 (ρ > r0) and the gap area F1 (ρ < r1). The
three-dimensional Laplacian in polar coordinates is

∆ = ∇2 =
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
+

∂2

∂z2
.

The relations between polar and Cartesian coordinates are the following: ρ2 = x2 + y2,
ϕ = arctan y/x, z = z.
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Figure 5.1: Geometry and coordinate system of the problem.

The velocity potential is introduced by ∇Φ(ρ, ϕ, z, t) = V(ρ, ϕ, z, t), where V(ρ, ϕ, z, t)
is the fluid velocity vector. The velocity potential Φ(ρ, ϕ, z, t) is a solution of the governing
Laplace equation in the fluid

∆Φ = 0, (5.1)

for −h < z < 0 in the FWD and IWD cases (in the IWD case, the fluid occupies the
region −∞ < z < 0), supplemented by the boundary conditions at the free surface and
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at the bottom. The linearized kinematic condition in the plate and water regions, at the
surface z = 0, has the form

∂Φ

∂z
=
∂W

∂t
, (5.2)

where W (ρ, ϕ, t) denotes either the free-surface elevation or the deflection of the plate; t
is the time. Later, to describe the vertical displacements, we will denote the free-surface
elevation in the open-water region F by ζ, while the plate deflection in P will still be
denoted by w. The dynamic condition, derived from the linearized Bernoulli equation,
has the form

P − Patm

ρw
= −∂Φ

∂t
− gW, (5.3)

at z = 0, where ρw is the density of the fluid, g is the gravitational acceleration, P (ρ, ϕ, t)
is the pressure in the fluid, and Patm is the atmospheric pressure. Relations (5.2–5.3)
are the kinematic and dynamic conditions at the free surface. The linearized free-surface
condition in the water region F takes the form

∂Φ

∂z
= −1

g

∂2Φ

∂t2
(5.4)

at z = 0. The other boundary condition at the bottom, z = −h, is written in the following
form

∂Φ

∂z
= 0. (5.5)

The edges of the ring are free of vertical shear forces, bending and twisting moments.
Therefore, the free-edge conditions at ρ = r1 and ρ = r0 are:

{

∇2 − (1 − ν)

ρ

(

∂

∂ρ
+

1

ρ

∂2

∂ϕ2

)}

w = 0, (5.6)

{

∂

∂ρ
∇2 +

(1 − ν)

ρ2

(

∂

∂ρ
− 1

ρ

)

∂2

∂ϕ2

}

w = 0, (5.7)

where the deflection w(ρ, ϕ) does not depend on time, see (4.9). Here and in the rest of
the thesis the Laplacian is two-dimensional, except when the Green’s function is derived.

5.3 Integro-differential equation

In this section, the main integro-differential equation (IDE) is derived along the plate
contour, consisting of the inner and outer edges of the ring. The approach for plates of
rectangular shape in Cartesian coordinates is described in chapter 2 and applied in chapter
3 and with modifications in chapters 6–7. The derivation of IDE in polar coordinates is
presented in chapter 4.



5.3. INTEGRO-DIFFERENTIAL EQUATION 91

To describe the deflection of the plate W , we apply the isotropic thin-plate theory,
see section 2.3, which leads to the Gehring-Kirchhoff differential equation at z = 0 in the
plate area P

D∆2W +m
∂2W

∂t2
= P − Patm, (5.8)

where m is the mass per unit area of the plate, and D is the flexural rigidity. Like we did
in chapters 3–4 for both the IWD and FWD cases, we apply the operator ∂/∂t to (5.8)
and use the surface conditions (5.2–5.3) to arrive at the following equation for the total
potential Φ

(

D

ρwg
∆2 +

m

ρwg

∂2

∂t2
+ 1

)

∂Φ

∂z
+

1

g

∂2Φ

∂t2
= 0. (5.9)

With the usual assumptions of an ideal fluid and small wave amplitude, the potential
can be written in the form (4.8). The harmonic motion is considered, and from (5.2), it
follows that the surface elevation has the same harmonic behavior, whence according to
(4.9) we have the functions w(ρ, ϕ) and ζ(ρ, ϕ) in P and F , respectively. Therefore, we
consider waves of the single frequency ω and obtain the following differential equation for
the potential φ at z = 0

(

D∆2 − µ+ 1
) ∂φ

∂z
−Kφ = 0, (5.10)

where D = D/ρwg, µ = mω2/ρwg are additional constant physical parameters, and
K = ω2/g.

The potential of the undisturbed incident wave φinc in polar coordinates is

φinc(ρ, ϕ, z) =



















gA

iω
eik0ρ cosϕ+k0z for IWD,

cosh k0(z + h)

cosh k0h

gA

iω
eik0ρ cosϕ for FWD,

(5.11)

where A is the amplitude of the incident wave, and k0 is the wavenumber. The wave
height is defined as twice the amplitude. For deep water, the wavenumber is k0 = K,
and for water of finite depth, the wavenumber k0 is the positive real solution of the water
dispersion relation

k tanh kh = K. (5.12)

The length of the incoming waves is λ = 2π/k0. In a practical situation, the outer diameter
2r0 of the ring-shaped VLFP is longer than the wavelength; the reverse case corresponds
to extremely long waves.

The potential must satisfy the Sommerfeld radiation condition

√
ρ

(

∂

∂ρ
− ik0

)

(

φ− φinc
)

= 0 (5.13)
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when ρ→ ∞.
The free-surface elevation ζ in the open water F is equal to the sum of the incident

wave elevation ζ inc and the additional wave elevation ζpm, generated by the plate motion

ζ = ζ inc + ζpm. (5.14)

The total potential in F is also represented as the sum of the incident wave potential and
the potential of waves arising because of the plate motion

φF = φinc + φdis, (5.15)

where φdis is the diffraction potential plus the radiation potential. In fact, the potential
φdis must satisfy radiation condition (5.13). The governing equations for the regions F0

and F1 are the same. Due to the fact that ρ > r0 and ρ < r1, respectively, differences will
appear in the analysis which will be discussed later.

We introduce the Green’s function G(r, θ; ρ, ϕ), fullfilling the free-surface and the ra-
diation conditions, and apply Green’s theorem to the potentials in the water and plate
regions φF and φP , respectively. As for the circular plate problem, we analyze the rela-
tions obtained and use the dynamic (5.10) and kinematic (5.2) conditions to obtain the
main integro-differential equation in general form at the free surface z = 0

{

D∆2 − µ+ 1
}

w(ρ, ϕ)

=
K

4π

∫

P

G(r, θ; ρ, ϕ)
{

D∆2 − µ
}

w(r, θ) r dr dθ + Aeik0ρ cosϕ, (5.16)

where the last term represents the potential of the incoming waves. The IDE can be
derived in polar and Cartesian coordinates, i.e., for plates of any geometrical shape.
Chapter 4 gives detailed information on the derivation of IDE is given for polar coordinates
and chapters 2–3 for Cartesian coordinates.

5.4 Green’s function and deflection

In this section we describe the Green’s function, plate deflection and the operations on
corresponding Bessel and Hankel functions for the ring-shaped plate. The general expres-
sions for the Green’s function of a surface singularity for water of infinite and finite depth
can be found in [146]. The description of the modified Green’s function, which is used in
the thesis, is given in section 2.5.

We introduce the Green’s function for a source within the fluid that in Cartesian
coordinates fulfills ∆G = 4πδ(x− ξ), where δ is the Dirac δ-function, x is a source point,
and ξ is an observation point. The Green’s function obeys the boundary conditions at
the free surface (2.45) and at the sea bed (2.46) as well as the radiation condition (2.47).
The three-dimensional Green’s function at z = ζ = 0 takes the following form:

G(x, y; ξ, η) = −2

∫

L

F (k)J0(kR) dk, (5.17)
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where J0(kR) is the Bessel function, R measures horizontal distance, viz. R2 = (x− ξ)2 +
(y − η)2 in Cartesian coordinates. L is the integration contour in the complex k-plane
from 0 to +∞, passing beneath the singularity k = k0, as shown in figure 5.2, and chosen
such that the radiation condition is satisfied. The function F (k) in (5.17) is given by

F (k) =



















k

k − k0
for IWD, (a)

k cosh kh

k sinh kh−K cosh kh
for FWD, (b).

(5.18)

In the FWD case, we have additional poles k = ±ki on the imaginary axis of the complex
plane.

PSfrag replacements
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L

Figure 5.2: Contour of the integration.

In polar coordinates, the horizontal distance is written as R2(ρ, ϕ; r, θ) = ρ2 + r2 −
2ρr cos (θ − ϕ). Here ρ and r are the distance from the center of the plate to the source
and to the observation points, respectively, and θ − ϕ is the angle between r and ρ.

If we apply Graf’s addition theorem to the Bessel function J0(kR), which is also called
Neumann’s formula for the Bessel function of order zero, it can be replaced by the series
[131]

J0(kR) =

∞
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ), (5.19)

where δ0 = 1 and δq = 2 if q > 0. We truncate the series in (5.19) at q = N , chosen such
that convergence of the final results is guaranteed, where the decaying behavior of the
Bessel functions with respect to the order has been taken into account. The value of N is
chosen later; all terms of order higher than N are negligible. This is justified by invoking
a computational test. Then, the Green’s function in polar coordinates takes the form

G(r, θ; ρ, ϕ) = −2

∫

L

F (k)

N
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk. (5.20)

Further on in this chapter, the form (5.20) is used for the Green’s function.
At the same time, the deflection function has to be chosen separately for each shape of

the plate; our representations are given in section 2.6. For the circular plate, it is expressed
by the superposition of Bessel functions (4.23). Analogously, for the ring-shaped plate, the
deflection can be represented as a series of Hankel functions with corresponding coefficients
of the following form

w(ρ, ϕ) =
M
∑

m=1

N
∑

n=0

[

a(1)
mnH

(1)
n (κmρ) + a(2)

mnH
(2)
n (κmρ)

]

cosnϕ, (5.21)
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where a
(1)
mn and a

(2)
mn are unknown amplitude functions, κm are the roots of the plate

dispersion relation, which are reduced wavenumbers, and M is the number of these roots
taken into account in the computations.

For the IWD case, we use three roots of the dispersion relation in the plate area:
(

Dκ4 − µ+ 1
)

κ = ±k0. (5.22)

The roots of the plate dispersion relation (5.22), shown in figure 5.3, are the following:
two real roots ±κ1, and four complex roots ±κ2 and ±κ3, which are symmetrically placed
with respect to both the real and imaginary axes. Due to a property of Hankel functions,
three roots are taken into account for the current situation: real positive root κ1 and
roots κ2 and κ3, with equal imaginary parts and equal real parts but with opposite signs,
all three located in the upper half-plane. The real root κ1 represents the main traveling
wave mode; the two complex roots represent damped wave modes.

PSfrag replacements
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Figure 5.3: Zeros of the dispersion relation for deep water.

The plate dispersion relation for water of finite depth has the following form
(

Dκ4 − µ+ 1
)

κ tanh κh = K. (5.23)

The dispersion relation (5.23) has two real roots ±κ1, and four complex roots ±κ2 and
±κ3 symmetrically placed with respect to both the real and imaginary axes, these six
being of the same order as in the IWD case, and infinitely many pure imaginary roots.
We take into account M roots of the dispersion relation (5.23): one real positive κ1, two
complex roots κ2 and κ3, having equal imaginary parts and equal but opposite-signed real
parts, and M − 3 imaginary roots, all located in the upper half-plane.

The positions of the roots κm in the complex k-plane are similar to those of the roots
of the water dispersion relation (5.12), which has one real root k0, corresponding to only
one wavenumber of deep water, and a number of pure imaginary roots ki, i = 1, ...,M−3,
except for two complex roots κ2 and κ3. Thus, in the FWD case, M is the truncation
parameter, and we take into account M roots of the plate dispersion relation (5.23) κm,
m = 1, ...,M , and M − 2 roots of the water dispersion relation (5.12) ki, i = 0, ...,M − 3.
In the IWD case the number of the roots is M = 3. The dispersion relations (5.22–5.23)
can be derived from an analysis of the integro-differential equation.

5.5 Set of equations

At this point we have only equations resulting from the free-edge conditions to determine
the unknown amplitudes a

(1)
mn and a

(2)
mn. To complete the set of equations, we will derive
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relations from the integro-differential equation.
If we insert the relations for the deflection (5.21) and Green’s function (5.20) into

(5.16), the integro-differential equation at the free surface z = 0 takes the expanded form

{

D∆2 − µ+ 1
}

M
∑

m=1

[

N
∑

n=0

a(1)
mnH

(1)
n (κmρ) cosnϕ +

N
∑

n=0

a(2)
mnH

(2)
n (κmρ) cos nϕ

]

+
K

2π

2π
∫

0

r0
∫

r1

{

D∆2 − µ
}

M
∑

m=1

[

N
∑

n=0

a(1)
mnH

(1)
n (κmr) cosnθ +

N
∑

n=0

a(2)
mnH

(2)
n (κmr) cosnθ

]

×
∫

L

F (k)
N
∑

q=0

δqJq(kr)Jq(kρ) cos q(θ − ϕ) dk r dr dθ = A
N
∑

n=0

εnJn(k0ρ) cosnϕ, (5.24)

where εn = δni
n. Due to the orthogonality relation for the cosine function, we only get a

non-zero contribution in the integrand for n = q. Next, the integration with respect to θ
in (5.24) is carried out. If only components dependent on θ are considered, the integration
over θ gives 2π for n = 0 and δnπ cosnϕ for n > 0, which means 2π cosnϕ for all n. Then,
using the orthogonality of the cosine function, we end up with the following set of N + 1
equations derived from IDE (5.24):

M
∑

m=1

(

Dκ4
m − µ+ 1

) [

a(1)
mnH

(1)
n (κmρ) + a(2)

mnH
(2)
n (κmρ)

]

+K

r0
∫

r1

M
∑

m=1

(

Dκ4
m − µ

) [

a(1)
mnH

(1)
n (κmr) + a(2)

mnH
(2)
n (κmr)

]

×
∫

L

F (k)Jn(kr)Jn(kρ) dk r dr = AεnJn(k0ρ), (5.25)

for n = 0, ..., N . In accordance with [60, equation 21.8-22], the integration with respect
to r leads us to the difference of two Lommel integrals at r0 and r1. Therefore, equation
(5.25) takes the form

M
∑

m=1

(

Dκ4
m − µ+ 1

) [

a(1)
mnH

(1)
n (κmρ) + a(2)

mnH
(2)
n (κmρ)

]

+K

∫

L

M
∑

m=1

(

Dκ4
m − µ

) F (k)

(k2 − κ2
m)

[

a(1)
mnc

(1)
mn + a(2)

mnc
(2)
mn

]

Jn(kρ) dk = AεnJn(k0ρ), (5.26)

where we have introduced the function c
(q)
mn as a combination of Bessel and Hankel func-

tions of the form

c(q)mn = r0

[

kJn+1(kr0)H
(q)
n (κmr0) − κmJn(kr0)H

(q)
n+1(κmr0)

]

−r1
[

kJn+1(kr1)H
(q)
n (κmr1) − κmJn(kr1)H

(q)
n+1(κmr1)

]

, q = 1, 2. (5.27)
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From equation (5.26), we can derive 2(M−2)(N+1) relations to determine 2M(N+1)
unknown amplitudes. The set of equations for both water depths is completed by the free-
edge conditions (5.6–5.7) in which the deflection function is inserted. These conditions at
the edges ρ = r1 and ρ = r0 give us 4(N + 1) equations:

M
∑

m=1

a(1)
mnd

(1)
mn,ij + a(2)

mnd
(2)
mn,ij = 0, (5.28)

where n = 0, ..., N , i = 0, 1, j = 1, 2, and the functions d
(q)
mn,ij are

d
(q)
mn,i1 =

[

H(q)
n (κmri)

(

−κ2
m +

(1 − ν)n(n− 1)

r2
i

)

+ H
(q)
n+1(κmri)κm

(1 − ν)

ri

]

,

d
(q)
mn,i2 =

[

H(q)
n (κmri)

(

− n

ri
κ2
m +

(1 − ν)n2(1 − n)

r3
i

)

+ H
(q)
n+1(κmri)

(

κ3
m +

(1 − ν)n2

r2
i

κm

)]

, (5.29)

where q = 1, 2 is the Hankel-function index, and ri is either inner-ring contour r1 or
outer-ring contour r0.

From now on we consider IWD and FWD separately.

5.6 Ring on water of infinite depth

Here a ring floating on water of infinite depth is studied analytically. In the IWD case, we
only consider part of the solution, namely that related to the water dispersion relation.
The analysis given in this section is a good basis from which to derive a solution for the
general and most complicated case of water of finite depth. To demonstrate the method
we wish to use for the FWD case, we consider the contribution of the pole k = k0 in the
IWD case. Here, we ignore the contribution of the integral along the imaginary axis after
closing the contour in (5.20). This means that local disturbances are disregarded.

The deflection of the plate, the Green’s function, and the function F (k) are represented
by expressions (5.21), (5.20) and (5.18a), respectively. For deep water, the wavenumber
k0 equals K, so k0 = ω2/g.

Now we will analyze the k-integral in IDE (5.26). The integrand has the poles k = ±κm
shown in figure 5.3 and can be represented as a sum of four integrals

k0

∞
∫

0

k

(k − k0)(k2 − κ2
m)

[

a(1)
mnc

(1)
mn + a(2)

mnc
(2)
mn

]

Jn(kρ) dk

= a(1)
mn (I01 − I11) + a(2)

mn (I02 − I12) , (5.30)

where the path of integration in (5.31) is below the singularities k = k0 and k = κ1. The
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integrals Iiq for i = 0, 1, q = 1, 2 are

Iiq = k0ri

∞
∫

0

k

(k − k0)(k2 − κ2
m)

×
[

kJn+1(kri)H
(q)
n (κmri) − κmJn(kri)H

(q)
n+1(κmri)

]

Jn(kρ) dk, (5.31)

with ri as r1 or r0, m = 1, ...,M and n = 0, ..., N . The contour of integration may be
closed in the complex k-plane. In the integral Iiq, we split up the Bessel function of largest
argument to be able to close the contour of integration and, furthermore, to use Jordan’s
lemma.

Let us consider the integral I01. For further manipulation we use the fact that ρ < r0

and write the Bessel function Jt(kr0) as the half-sum of the corresponding Hankel functions
of the first and second kind

Jt(kr0) =
H

(1)
t (kr0) + H

(2)
t (kr0)

2
, (5.32)

where t is either n or n+1. Then I01 is decomposed into two integrals. These we transform
into integrals along the vertical axis in the complex k-plane plus the sums of the residues
at the poles as shown in figure 5.3, with factors 2πi. Then the contour of integration for
the first integral with H

(1)
t (kr0) is closed in the upper half-plane with the poles k = κm,

and that for the second one with H
(2)
t (kr0) is closed in the lower half-plane, where the

poles are at k = −κm. These two situations have to be considered separately.
If we apply the same procedure to the integral I02, the contour for its first integral,

obtained by (5.32) and containing H
(1)
t (kr0), can be closed in the upper half-plane; that

for the integral with H
(2)
t (kr0), in the lower half-plane. For the integrals I11 and I12,

the same closure procedure is applied, but with one difference. In this case, ρ > r1 and
therefore, to close the contours of integration, we represent the Bessel functions Jn(kρ)
as the half-sums of corresponding Hankel functions of the first and second kind, as was
done in (5.32).

When the contours are closed for all integrals, we apply the Cauchy residue lemma at
the poles k = κm for the integrals with the contour closed in the upper half-plane and at
the poles k = −κm for the integrals with the contour closed in the lower half-plane. The
Wronskian W{H(1)

n (κmri),H
(2)
n (κmri)} applies for the combination of Hankel functions,

analogously to chapter 4,

H
(1)
n+1(κmri)H

(2)
n (κmri) − H(1)

n (κmri)H
(2)
n+1(κmri) = − 4i

πκmri
. (5.33)

Then, adding up the resulting terms and considering the coefficients of Jn(κri), we derive
the plate dispersion relation for deep water (5.22), where the plus sign in the right-hand
side corresponds to the integrals in the upper half-plane, and the minus sign to the
integrals in the lower half-plane. The derivation of the plate dispersion relation from IDE
is also a justification of our approach.

In the upper half-plane we also obtain a contribution of the pole k = k0 of the inte-
grand, as seen in figure 5.2. This contribution has to cancel the term in the right-hand
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side of IDE (5.26). If we neglect the integral along the imaginary axis, application of
Jordan’s lemma and the contribution of the pole k = k0 lead to 2(N + 1) relations

πir0

M
∑

m=1

(

Dκ4
m − µ

) k2
0

k2
0 − κ2

m

[

k0H
(1)
n+1(k0r0)

(

a(1)
mnH

(1)
n (κmr0) + a(2)

mnH
(2)
n (κmr0)

)

−κmH(1)
n (k0r0)

(

a(1)
mnH

(1)
n+1(κmr0) + a(2)

mnH
(2)
n+1(κmr0)

)]

= Aεn (5.34)

and

πir1

M
∑

m=1

(

Dκ4
m − µ

) k2
0

k2
0 − κ2

m

[

k0Jn+1(k0r1)
(

a(1)
mnH

(1)
n (κmr1) + a(2)

mnH
(2)
n (κmr1)

)

−κmJn(k0r1)
(

a(1)
mnH

(1)
n+1(κmr1) + a(2)

mnH
(2)
n+1(κmr1)

)]

= 0. (5.35)

We have now derived a system of 2M(N + 1) equations (5.34–5.35) and (5.28) for the

determination of 2M(N + 1) amplitudes a
(1)
mn and a

(2)
mn for infinitely deep water, whereas

M = 3. When the amplitudes are known, the plate deflection is calculated by formula
(5.21).

5.7 Ring on water of finite depth

In this section we consider a ring on water of finite depth. In general, we follow the analysis
for the IWD case presented in the previous section. For the FWD case, the deflection of
the plate is represented by (5.21) and the Green’s function is given by formulas (5.20) and
(5.18b). Here, we take into account M − 2 roots of the water dispersion relation (5.12)
and M roots of the plate dispersion relation (5.23).

Let us consider the function F (k) which is given by (5.18b). For the FWD case, this
function is meromorphic, as it is bounded for all poles. The poles are the roots of the
dispersion relation for the water region (5.12) k = ±ki, i = 0, ...,M − 3, where k0 is the
positive real root and ki, for i 6= 0, is the pure imaginary root. Hence, the meromorphic
function F (k) for water of finite depth can be expressed as

F (k) =
M−3
∑

i=0

k2
i

k2
i h−K2h +K

(

1

k + ki
+

1

k − ki

)

. (5.36)

The relation (5.36) is inserted into IDE (5.26). There are two integrals in the complex k-
plane; these can be combined into one integral from −∞ to +∞ with the poles k = ki. The
contour of integration is defined as L′. Finally, we derive the governing integro-differential
equation for the case of finite water depth

M
∑

m=1

(

Dκ4
m − µ+ 1

) [

a(1)
mnH

(1)
n (κmρ) + a(2)

mnH
(2)
n (κmρ)

]

+K

∫

L′

M
∑

m=1

(

Dκ4
m − µ

)

× Jn(kρ)

(k2 − κ2
m)

M−3
∑

i=0

k2
i

(k2
i h−K2h+K)(k − ki)

[

a(1)
mnc

(1)
mn + a(2)

mnc
(2)
mn

]

dk = AεnJn(k0ρ) (5.37)
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at z = 0, where n = 0, ..., N and the functions c
(q)
mn are given by (5.27) for q = 1, 2.

To obtain the dispersion relation, we repeat the procedure we applied for the IWD case:
the representation of k-integral as a sum of four integrals and, further, decomposition of
each of those four into two integrals with contours closed in the different half-planes of
the complex plane. In the FWD case, we have the poles given in figure 5.3, plus the poles
at the imaginary axis ±κm for m = 4, ...,M . The application of the residue lemma at the
poles leads to the standard plate dispersion relation for water of finite depth (5.23).

Next, the contributions of the poles of the water dispersion relation (5.12) are consid-
ered. The closure of the contour is shown in figure 5.4. The contour for the integrals with
H

(1)
q (kri) might be closed in the upper half-plane, while the contour for the integrals with

H
(2)
q (kri) is closed in the lower half-plane. In the latter case, we get a zero contribution,

because the poles k = ki are located as indicated in figure 5.4.

PSfrag replacements
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Figure 5.4: Closure of the contour of the integration in the upper half-plane.

Application of the Cauchy theorem to the integrals with the contour closed in the
upper half-plane gives us equations to determine the amplitudes a

(1)
mn and a

(2)
mn. The poles

k = ki, where i = 0, ...,M−3, result in 2(M−2)(N+1) equations. The first (M−2)(N+1)
equations are derived along the outer ring edge ρ = r0 which have the following form

πiKr0

M
∑

m=1

(Dκ4
m − µ) k2

i

(k2
i − κ2

m)(k2
i h−K2h+K)

×
[

kiH
(1)
n+1(kir0)

(

a(1)
mnH

(1)
n (κmr0) + a(2)

mnH
(2)
n (κmr0)

)

−κmH(1)
n (kir0)

(

a(1)
mnH

(1)
n+1(κmr0) + a(2)

mnH
(2)
n+1(κmr0)

)]

= Ai, (5.38)

where

Ai =

{

Aεn, i = 0,

0, i = 1, ...,M − 3,

as the case i = 0 corresponds to the pole k = k0. The remaining (M−2)(N+1) equations
are derived along the inner edge of the ring ρ = r1

πiKr1

M
∑

m=1

(Dκ4
m − µ) k2

i

(k2
i − κ2

m)(k2
i h−K2h+K)

×
[

kiJn+1(kir1)
(

a(1)
mnH

(1)
n (κmr1) + a(2)

mnH
(2)
n (κmr1)

)

−κmJn(kir1)
(

a(1)
mnH

(1)
n+1(κmr1) + a(2)

mnH
(2)
n+1(κmr1)

)]

= 0. (5.39)
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Hence, the set of 2(M − 2)(N + 1) equations (5.38–5.39) is derived to determine the
unknown amplitudes. Like in the previous section, the set of equations is completed by
4(N + 1) edge conditions (5.28). The deflection can now be computed with (5.21).

The finite-water-depth model can be used to solve the problem of shallow or infinitely
deep water. Taking the limits h → 0 and h → ∞, we can derive the solutions for these
situations including transition from the dispersion relation for water of finite depth to the
dispersion relations for deep and shallow water, respectively.

5.8 Free-surface elevation and initiated wave

pattern

In this section we continue the analysis of the plate-water interaction for current geometry
and consider the open-water region, which consists of the main region F0 and the gap
inside the ring F1. The elevation ζ(ρ, ϕ) of the free surface can be computed with (5.14),
where the value of ζ inc may be obtained from the incident wave potential expression (5.11)
using the kinematic condition (5.2) and the value of ζpm from the following analysis of
IDE in the open-water area.

The integro-differential equation has the form (5.37) for the FWD case. Therefore,
analogously to chapter 4, we obtain the following expression for the free-surface elevation

ζ(ρ, ϕ) = Aeik0ρ cosϕ −K

∫

L′

M
∑

m=1

(

Dκ4
m − µ

) Jn(kρ)

(k2 − κ2
m)

×
M−3
∑

i=0

k2
i

(k2
i h−K2h +K)(k − ki)

[

a(1)
mnc

(1)
mn + a(2)

mnc
(2)
mn

]

dk. (5.40)

We notice that in the open-water region F0, where ρ > r0 > r1, Jn(kρ) is split up into the
half-sum of corresponding Hankel functions to close the contour of integration; to do so,
at the gap area F1 the Bessel functions Jt(kr1), t = n, n+ 1, are split up for ρ < r1 < r0.
After using the residue lemma at the poles k = ki, we obtain the following relation for
the free-surface elevation

ζ(ρ, ϕ) = Aeik0ρ cosϕ − πi

M
∑

m=1

(

Dκ4
m − µ

)

×
M−3
∑

i=0

k2
iK

(k2
i h−K2h+K)(k2

i − κ2
m)

[

a(1)
mnf

(1)
mni + a(2)

mnf
(2)
mni

]

, (5.41)

where the functions f
(q)
mni are expressed in the following way for the open water F0 and

for the gap F1

f
(q)
mni =















r0H
(1)
n (kiρ)

[

kJn+1(kir0)H
(q)
n (κmr0) − κmJn(kir0)H

(q)
n+1(κmr0)

]

in F0,

r1Jn(kiρ)
[

kH
(1)
n+1(kir1)H

(q)
n (κmr1) − κmH

(1)
n (kir1)H

(q)
n+1(κmr1)

]

in F1,

(5.42)
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for q = 1, 2 and i = 0, ...,M − 3.
For infinitely deep water, the procedure is generally the same, but only the pole k = k0

of the water dispersion relation is used. We derive the following equation for the free-
surface elevation

ζ(ρ, ϕ) = Aeik0ρ cosϕ − πi
M
∑

m=1

(

Dκ4
m − µ

) k2
0

(k2
0 − κ2

m)

[

a(1)
mnf

(1)
mn0 + a(2)

mnf
(2)
mn0

]

, (5.43)

where the functions f
(q)
mn0, q = 1, 2 are defined by formula (5.42) for i = 0, for the water

regions F0 and F1.
The expressions (5.41) and (5.43) are used for the total free-surface elevation for the

FWD and IWD cases. We can subtract the incident field and use the second terms in
the right-hand sides of these expressions, representing ζpm, to study the resulting wave
pattern which is generated by the plate motion.

5.9 Numerical results

In this section, numerical results are given for the problem of interaction between the
floating ring-shaped plate and surface water waves. Results are presented for relevant and
practically important cases. For both the IWD and the FWD models, results are shown
for the plate deflection w, free-surface elevation ζ and initiated wave pattern elevation ζpm,
all normalized by the wave amplitude A. Calculations are based on the varied flexural
rigidity D, while the plate radii r1 and r0, Poisson’s ratio ν = 0.25 and ratiom/ρw = 0.25 m
are constant. The wave amplitude is A = 1 m, the water depth and incident wavelength
are varied, leading to different values of the wavenumber k0 and frequency ω. In all figures
given, the values of the inner and outer radii are r1 = 100 m and r0 = 500 m.
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Figure 5.5: Deflection of the ring-shaped plate, for λ = 50 m, D = 105 m4: a) infinite
depth, b) finite depth, h = 20 m.
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Figure 5.6: Plate deflection, as in figure 5.5, for λ = 100 m.
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Figure 5.7: Plate deflection, for λ = 100 m, h = 100 m: a) D = 106 m4, b) D = 107 m4.

The number of roots of the plate dispersion relation taken into account for the FWD
case is M = 10. The Bessel and Hankel functions of the complex argument must be
computed accurately. Problems may appear when the argument is smaller than the order
of the function and when the argument is too large or too small. Our algorithm is
based on the Amos package [2], with some modifications to increase the accuracy, and
computations were performed using the Fortran compiler. Scaled functions were used
which remove the exponential behavior in both the upper and lower half-planes. The
definitions and description may be found in [1]. For zero argument, table values of Bessel
and Hankel functions were used.

We take N = 30 as the highest order of the modes of the Bessel functions; hence,
Bessel and Hankel functions of order 0 to 30 are considered. The choice of the truncation
parameters M and N was also validated by computational tests to ensure sufficient accu-
racy. More details related to the number of roots can be found in chapter 3 and in [4, 5]
and details about the order of the Bessel functions, in chapter 4 and in [8].

The amplitude coefficients a
(1)
mn and a

(2)
mn decay rapidly because of the corresponding
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Figure 5.8: Free-surface elevation in the gap, for h = 100 m, D = 107 m4: a) λ = 50 m, b)
λ = 100 m.

Hankel functions. With the increase of the radii and, correspondingly, of the arguments
of the functions or the flexural rigidity, the decay increases as well.

In all figures, the left subplot is denoted as (a), and the right as (b); if there are
four subplots, then the lower left is denoted as (c) and lower right as (d). All figures are
symmetric about the x-axis because incoming plane waves propagate in the x-direction
and their crests are parallel to the y-axis.

In figures 5.5–5.6, numerical results are shown for the plate deflection for both water
depths. The wavelength in the second figure is two times larger than in the first, while the
plate parameters are constant. The plate deflection for larger values of rigidity is shown
in figure 5.7.

Numerical results for the elevation of the free surface in the ring gap are given in figure
5.8 for different wavelengths. In figure 5.9 we show results for the initiated wave pattern,
i.e., for the free-surface elevation ζpm generated by the motion of the plate, and the total
free-surface elevation. The subplots for the open-water region F0 are given for the surface
of the fluid domain of the radius rf , for water of finite depth. In figures 5.10–5.11 we
show a complete set of results for the unknown vertical elevations being studied in the
chapter. Results are given for the plate deflection (a), free-surface elevation in F1 (b),
initiated wave pattern (c) and the free-surface elevation in F0 (d) for the IWD and FWD
cases, respectively.

The propagation of the wave through the plate area can clearly be seen, especially
for small plate rigidity values. The wave propagates with a curved wave front, as can be
clearly observed for cases where the wavelength is much smaller than the outer diameter
of the ring. In a zone close to the plate edges, the deflection can differ quite a lot from
that in the main zone of the plate.

The plate deflection and its hydroelastic response to the wave field are highly depen-
dent on the ratio between outer radius r0 and the wavelength λ. With decreasing water
depth, the results for the plate deflection and free-surface elevation change gradually,
where the water depth h itself has a growing influence on the results. For smaller plate
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Figure 5.9: Initiated wave pattern (a) and free-surface elevation (b), for λ = 500 m,
h = 100 m, rf = 2500 m, D = 107 m4.

rigidity or stiffness values the plate deflection increases, which is demonstrated in figures
5.5–5.7. If the wavelength decreases, then the value of the deflection grows. The plate
deflection is also larger numerically when the water depth increases. Also, we found that
computational results for large depths, h > 100 m, remained almost the same with a
growth of the water depth. For this situation it is sufficient to take M = 10 as well.

As in previous chapters, we found that for a parameter D > 107 m4 the plate behaves
like a rigid body, having a significant influence on the surface waves, whereas for D <
103 m4, the plate has hardly any influence on the incident surface waves. Realistic rigidity
values for the floating structure can be of order of about 107 m4; here, many of the results
shown for smaller values well demonstrate the nature of plate-water interaction effects;
the rigidity of the ice is of an order of about 105 m4.

The influence of the ring gap on the results is also shown. The behavior of the
propagated wave changes essentially after it has crossed the gap. The influence of the gap
increases for smaller wavelengths, which can be expected.

The initiated wave pattern highly depends on the water depth and the physical prop-
erties of the plate. With growing values of the plate flexural rigidity, stiffness or Poisson’s
ratio, the influence of the plate’s motion on the total elevation of the water surface grows
as well.

5.10 Conclusions

The problem of interaction between a thin elastic floating plate of a ring-shaped planform
and incident surface water waves has been solved. The hydroelastic behavior of the plate
was studied analytically and numerically. The integro-differential equation of the problem
was derived and an algorithm of its numerical solution proposed. For water of finite depth,
we obtained a system of equations for the expansion coefficients analytically. For infinitely
deep water, we partly solved the problem. Numerical results were presented for relevant
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Figure 5.10: Deflection of the plate (a), free-surface elevation in F1 (b), initiated wave
pattern (c) and free-surface elevation in F0 (d), for λ = 500 m, h = 100 m, rf = 2500 m,

D = 108 m4.

cases.
The vertical displacements in the plate and water regions were studied, and we obtain

the plate deflection and free-surface elevation caused by the waves’ propagation and plate’s
motion, respectively. The influence of the plate motion on the solution in the water regions
was analyzed by the deriving the initiated wave pattern. Also, we analyzed the influence
of the ring gap. For realistic values of the plate mass and rigidity, the behavior of a ring
does not differ much from that of a circular plate, except for the area behind the ring
gap. In the inner free surface area F1, the resonant situation, that is, large free-surface
elevation, is possible for some wavelength values, see figure 5.8, as was shown by Hermans
[44] for a channel between two plates. This phenomenon is also demonstrated by Molin
in his study of sloshing modes in a moonpool [82].

The solution for water of finite depth can be used to solve problems with shallow or
very deep (infinite) water. The floating platform should be located in an offshore zone
of the ocean or sea. The water depth is rather small in such zones, but as both short
and long wavelengths can occur, it is more natural to use the finite-water-depth model to
study the hydroelastic response of the plate to water waves.
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Figure 5.11: Deflection of the plate (a), free-surface elevation in F1 (b), initiated wave
pattern (c) and free-surface elevation in F0 (d), for λ = 200 m, rf = 1500 m, D = 108 m4.

The solution presented above is a new application of the integro-differential formu-
lation and integro-differential equation method. Using this formulation and method we
solve all problems of the interaction between water waves and floating bodies treated in
the thesis. The main goal of the method is a derivation of an integro-differential equation
along the plate contour, followed by its analysis and solution. One of the advantages of
our approach is that we may find both vertical displacements, the plate deflection in P
and the free-surface elevation in F , using a common set of equations.

The presented approach is valid when the plate draft and thickness are assumed to be
zero. A solution for a plate of non-zero thickness is derived in chapter 7.

A possible application of the method is the hydroelastic analysis of the VLFP. The
planform of a VLFP depends on the water depth, the currents of the sea or ocean where
the floating airport is to be located, the distance from the coast, etc. In some cases it
can make sense to construct a VLFP with an arbitrary horizontal shape. The presented
approach can also be used to study the motion of large ice fields in water waves, where the
physical properties of the ice should replace those of the elastic plate. Mainly, results are
obtained for large plates, 2r0 > λ, but the approach is also valid for small-sized floating
plates 2r0 < λ, which may be used for different purposes in the sea.



Chapter 6

Hydroelasticity of a quarter-infinite

plate

This chapter considers the interaction between surface water waves and a plate of quarter-
infinite horizontal planform. It studies the hydroelastic motion of the plate and the diffrac-
tion of the incident waves by the plate. The problem is solved for the main case of finite
water depth. The plate covers the first quadrant of the surface, while the waves are coming
in from the second quadrant by our assumption. For the problem formulated, the asymp-
totic theory of the geometrical-optics approach and ray method are used. The propagation
of the wave modes in the plate region is described sequentially. Solutions are obtained
for different zones of the plate, supplemented by matching conditions derived along the
interface between these zones. The wave propagation in the plate region is studied, as well
as an inner reflection of the wave at the plate’s far edge. Numerical results, conclusions,
and recommendations for the method’s extension are given, and a direction for analysis
for other geometries of the problem is pointed out.

6.1 Introduction

In chapter 3, a solution was derived for two planforms of the plate: a semi-infinite plate
and a strip of infinite length. Results were obtained for the deflection, reflection and
transmission coefficients for three water depths: infinite, finite and shallow depth. The
analysis applied and analytical and numerical results obtained were also published in
papers [42, 43, 3, 5]. In this chapter, the theory is developed further for the case of a
quarter-infinite plate. Some preliminary results were presented in [6]. As in the previous
chapters, the platform draft is shallow and therefore the platform is assumed to be a thin
plate laying at the free surface — the VLFP is modeled as an elastic plate with zero
thickness. Here, we use all basic assumptions of chapters 2–5.

Hence, we study the diffraction of surface waves by a quarter-infinite plate (QIP). The
plate floats on the surface of water of finite depth. Two situations may be considered
separately: normal incidence and oblique incidence of the surface water waves. The case
of normal incidence of the water waves on the quarter-infinite plate has been studied by
Takagi [121] and Ohkusu and Namba [95], who used a parabolic approximation method
with matching of the results in different zones of the plate. Therefore, we wish to obtain

107
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the solution for the realistic case of oblique incident waves. However, the solution derived
is also valid for the case of perpendicular waves. The plate covers the first quadrant of the
free surface, which coincides with the horizontal zero-surface of our coordinate system.
By our assumption, the surface waves are coming from the second quadrant.

The Green’s theorem, the integro-differential formulation, the geometrical-optics ap-
proach and, further, the ray method are used to solve the problem. The information
about the Green’s function, the derivation of the integro-differential equation, and fur-
ther steps of the analysis are presented in chapters 2–5. For information about the
geometrical-optics (GOA) and ray approaches see, e.g., [72, 58, 67, 12]. Hermans [43]
used the integro-differential formulation to derive boundary conditions to apply the ray
method for short-wave diffraction. In a similar way, we use this formulation to apply the
asymptotic theory of the GOA for the problem considered.

The problem is formulated in section 6.2. The solution consists of three parts, pre-
sented in sections 6.3–6.5. First, we apply the Green’s theorem to obtain the integro-
differential equation in the main zone of the plate. This part is presented in section 6.3,
where we follow the analysis given in chapter 3 for SIP and use the GOA. The main
wave mode involved is the traveling wave mode. In section 6.4, we study the propagation
of this wave mode (ray Ansatz) and the additional deflection of the plate, generated by
the vibration of the plate far edge, the so-called inner reflection (of the main traveling
wave mode). We restrict ourselves to the inner reflection, in this case the method is well
demonstrated. The inner reflection influences the plate area close to the edge. Next, using
the ray method, we derive the matching conditions along the border between this zone
and the main zone of the plate. This is presented in section 6.5. Adding up the deflection
terms, which are obtained in sections 6.3–6.5, we derive the final result. Numerical re-
sults for the plate deflection and inner reflection are given in section 6.6, and concluding
remarks in section 6.7. Using the approach derived, we also can solve the problem where
the waves are coming from the third quadrant, see section 6.8. The method can also be
extended to the case of a floating plate of finite dimensions.

6.2 Formulation of the problem

A flexible thin plate floats on the surface of an ideal incompressible fluid of constant depth
h. The plate covers a quarter of the free surface, which coincides with the first quadrant,
see figure 6.1; z is the positive upward coordinate. The plate area (x > 0, y > 0) is
denoted as P, and the open fluid area (second, third and fourth quadrants) as F .

The plate deflection is generated by incoming surface waves of length λ and frequency
ω. It is also assumed that incoming waves propagate in otherwise still water, from the
second quadrant in the direction of the fourth quadrant. The wave amplitude A is rather
small in comparison with other length parameters of the problem.

The velocity potential is introduced by ∇Φ(x, y, z, t) = V(x, y, z, t), where Φ(x, y, z, t)
is a solution of the Laplace equation

∆Φ = 0 (6.1)
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Figure 6.1: Geometry of the problem.

in the fluid z < 0, supplemented by the boundary conditions at the free surface z = 0

∂Φ

∂z
=
∂W

∂t
, x, y ∈ P, (6.2)

∂Φ

∂z
= −1

g

∂2Φ

∂t2
, x, y ∈ F , (6.3)

and at the bottom z = −h
∂Φ

∂z
= 0. (6.4)

The dynamic condition, see p.24, has the following form at the free surface z = 0

P − Patm

ρw
= −∂Φ

∂t
− gw, (6.5)

where P (x, y, z, t) is the linearized pressure.
Incoming waves propagate from the open fluid in the direction which makes an angle

β to the x-axis, shown in figure 6.1. The plate edges are defined by Sy (x = 0, 0 < y <∞)
and by Sx (0 < x <∞, y = 0).

To describe the plate deflection W (vertical displacement of the plate), we apply the
thin plate theory, p.26, which leads to the following differential equation

D

(

∂2

∂x2
+

∂2

∂y2

)2

W +m
∂2W

∂t2
= P − Patm (6.6)

at z = 0 in the plate area P. Applying the operator ∂/∂t to the equation of the plate
motion (6.6) as in section 2.3 and using conditions (6.2) and (6.5), we arrive at the
following equation for the potential Φ at the free surface z = 0

{

D

ρwg

(

∂2

∂x2
+

∂2

∂y2

)2

+
m

ρwg

∂2

∂t2
+ 1

}

∂Φ

∂z
+

1

g

∂2Φ

∂t2
= 0. (6.7)

Due to the usual assumptions of an ideal fluid and small wave amplitude, the potential
can be represented by (2.7). The harmonic motion is considered, and from (6.2) it follows
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that the surface vertical elevation has the same harmonic behavior. Thus, according to
(2.8), we consider waves of the single frequency ω and obtain the following differential
equation for the potential φ(x, y, z) at z = 0

{

D
(

∂2

∂x2
+

∂2

∂y2

)2

− µ+ 1

}

∂φ

∂z
−Kφ = 0, (6.8)

where we have introduced the parameters D = D/ρwg, µ = mω2/ρwg, and K = ω2/g.
The potential of the incident waves for finite water depth is written for our problem

as

φinc =
cosh k0(z + h)

cosh k0h

gA

iω
eik0(x cos β−y sinβ), (6.9)

where A is the wave height; the wavenumber k0 is the only real solution of the water
dispersion relation

k tanh kh = K. (6.10)

The wavelength of incoming waves is λ = 2π/k0.
The edges of the plate are free of vertical shear forces, bending and twisting moments.

Therefore, the free-edge conditions for the plate deflection w(x, y) at Sy (x = 0) are:

∂2w

∂x2
+ ν

∂2w

∂y2
= 0;

∂3w

∂x3
+ (2 − ν)

∂3w

∂x∂y2
= 0, (6.11)

and at Sx (y = 0), they are:

∂2w

∂y2
+ ν

∂2w

∂x2
= 0;

∂3w

∂y3
+ (2 − ν)

∂3w

∂y∂x2
= 0. (6.12)

6.3 Solution in the main zone

Here we derive the main part of the deflection of the quarter-infinite plate, which later will
be added to additional terms. We follow the analysis presented in chapter 3 for the semi-
infinite plate for the case of finite depth. Applying the integro-differential formulation,
we derive the main integro-differential equation for the problem.

We consider the case where the incident waves are coming in from the second quadrant
x < 0, y > 0, as shown in figure 6.1, with the angle of incidence β which is smaller than
the critical angle of incidence 0 < β < βcr < π/2. As the localized effect of the corner
point (0, 0) is not considered, we can use the asymptotic theory of the geometrical-optics
approach for an incident field of this geometry.

The deflection of the quarter-infinite plate due to the propagation of the waves is
represented as a superposition of exponential functions in the following form:

w1(x, y) =
N
∑

n=1

ane
iκnx−ik0y sin β, (6.13)
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where an are the amplitudes of wave modes, and κn are the reduced wavenumbers. Due to
the convergence of the series in (6.13), a finite number can be taken as the upper limit of
the series, like in the previous chapters. The value of the limit, the number of wave modes
taken into account, is discussed later. The minus signs are in the exponential functions in
(6.9) and (6.13) because the waves propagate from the second to the fourth quadrant by
our assumption. The function w1 is the largest part (numerically) of the total deflection
corresponding to the situation where rays already cross the edge Sy, but do not yet reach
the edge Sx. Henceforward we call the function w1 the deflection in the main zone of the
plate (or the main part of the deflection). The deflection form (6.13) for a QIP coincides
with the deflection form (3.38) for a SIP. The form for the plate deflection in the case of
perpendicular incoming waves can be derived from (6.13) if the y-term is neglected.

The reduced wavenumbers κn are defined in the following way as in chapter 3

κ2
n = κ(n)2 − k2

0 sin2 β, (6.14)

where κ(n) are the roots of the dispersion relation in the plate area

(

Dκ4 − µ+ 1
)

κ tanh κh = K. (6.15)

We take into account N roots κ(n), n = 1, ..., N of the dispersion relation (6.15): one
real root, two complex roots, and N − 3 imaginary roots. The real root κ(1) represents
the traveling wave mode, and the imaginary roots κ(2) and κ(3) represent damped wave
modes. So, we need to find N + 2 unknown amplitudes an. To obtain a set of equations
for the amplitudes, we apply the integro-differential formulation and Green’s theorem.

As in chapters 2–3, we split up the fluid domain in the plate region P and the open-
water region F . We introduce the Green’s function, p.32, and apply the Green’s theorem
to the potential in P and F . Following the method presented for the SIP, we obtain the
following integro-differential equation for the deflection of the quarter-infinite plate:

(

D
(

∂2

∂x2
+

∂2

∂y2

)2

− µ+ 1

)

w1(x, y)

=
K

4π

∫

P

(

D
(

∂2

∂ξ2
+

∂2

∂η2

)2

− µ

)

w1(ξ, η)G(x, y; ξ, η) dξ dη + Aeik0(x cos β−y sinβ). (6.16)

The complete derivation of the IDE (6.16) is described in section 2.7. The Green’s function
has the following form, see section 2.5, at z = ζ = 0

G(x, y; ξ, η) = −2

∫

L′

k cosh kh

k sinh kh−K cosh kh
J0(kR) dk, (6.17)

where J0(kR) is the Bessel function and R2 = (x − ξ)2 + (y − η)2. The contour L′ of an
integration in the complex k-plane from 0 to +∞ underneath the singularity k = k0 is
chosen to fulfill the radiation condition; it is shown in figure 6.2.

The deflection (6.13) and the Green’s (6.17) functions are inserted into the IDE (6.16).
Next, we do operations on the complex integration. The application of the residue lemma
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at the zeros of the water dispersion relation (6.10) results in equations to determine the
amplitudes an. The contribution of the pole k = k0 gives us

N
∑

n=1

anK0

(

Dκ(n)4 − µ
)

(κn − k0 cos β) cosβ
+ A = 0, (6.18)

and that of the pole k = ki for i = 1, ..., N − 3

N
∑

n=1

anKi
ki
k∗i

(

Dκ(n)4 − µ
)

(κn − k∗i )
= 0, (6.19)

where

Ki =
kiK

K(1 −Kh) + k2
i h

(6.20)

for i = 0, ..., N −3 and k∗i =
√

k2
i − k2

0 sin2 β. To complete the system of N +2 equations,
we obtain two equations from the free edge conditions (6.11), and they are written in the
form (3.39–3.40). In such a way, the amplitudes an and the function w1 can be determined.

6.4 Inner reflection

Next, we study the propagation of the traveling wave mode, or the main ray Ansatz.
Because the reflection of the traveling wave mode has the amplitude a1 on the edge Sx
with an angle θ, described in [12] and shown in figure 6.3, the QIP gets an additional
deflection w2 generated by the vibration of the plate edge Sx.
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Figure 6.3: Reflection of traveling wave mode (Ansatz ray).

The reflected part of the deflection w2 occurs in the region x/ tan θ > y, which is
denoted by P2. The region x < y tan θ is denoted by P1; the border between these zones
is x = y tan θ. The angle of the ray reflection θ can be obtained from

tan θ = k0/κ1. (6.21)
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We represent the deflection function w2 in the following way:

w2(x, y) =
N
∑

n=1

a∗ne
iκ∗ny+iκ1x, (6.22)

where a∗n are the amplitudes of the inner reflection at the edge Sx and the corresponding
wavenumbers are

κ∗2n = κ(n)2 − κ2
1. (6.23)

In that way, κ∗1 = −k0 sin β, and the largest term of the reflected traveling wave is
a∗1e

−ik0y sinβ+iκ1x. In the mathematical plan, a∗n are the solutions of a set of equations
dependent on a1(κ1). The equations of this set can be derived analogously those for the
amplitudes an of the deflection in the main zone of the plate.

An integro-differential formulation leads to the following equations for the amplitudes
a∗n:

N
∑

n=1

a∗nK0

(

Dκ(n)4 − µ
)

(κn − k0 cos θ) cos θ
+ a1(κ1) = 0 (6.24)

as the contribution of the pole k = k0, and

N
∑

n=1

a∗nKi
ki
k∗i

(

Dκ(n)4 − µ
)

(κn − k∗i )
= 0 (6.25)

as the contribution of the pole k = ki, i = 1, ..., N−3; here, k∗i =
√

k2
i − k2

0 sin2 θ. The set
of N + 2 equations is completed by two equations derived from the free edge conditions
(6.12). Then the amplitudes a∗n and the function w2 can be determined.

Hence, the deflection of the QIP can be represented as the sum

w(x, y) = w1(x, y) + w2(x, y), (6.26)

where the functions w1(x, y) and w2(x, y) are already known. We have the following
results for the total deflection w(x, y) in the plate zones: w = w1 in P1 and w = w1 + w2

in P2. These results are intermediate. In the next section, the approach will be improved
by the derivation of special matching conditions along the border between the zones P1

and P2. Furthermore, we will derive a new deflection function to be used instead of w2.

6.5 Matching conditions

Here, we derive the matching conditions along the border x = y tan θ which splits the
plate area into two zones, P1 and P2. By deriving and using these conditions, we find a
new deflection function, which exists in both zones and will be used instead of the function
w2. Then the solution for the whole plate area will be completed, which is described in
this section. Here, we use the straightforward ray method, solving the problem for the
potential.
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Figure 6.4: Geometry of current analysis, ray method and matching conditions.

The total potential Φ(x, t), the solution of the Laplace equation (6.1), is rewritten in
the form (2.7), and the potential of undisturbed incident wave φinc is given by (6.9).

Let us consider the new system of coordinates, 0x′y′, which is derived by the rotation on
angle π/2−θ from the old system of coordinates 0xy; the x′-axis is the border between the
zones P1 and P2. The direction of the x′-axis coincides with the direction of propagation
of the ray Ansatz after the reflection at the edge y = 0.

We assume that the potential φ(x′, y′, z) can be written as a superposition of ray-mode
solutions

φ(x′, y′, z) =

N
∑

n=1

ϕn(x
′, y′)eiκx′+κz, (6.27)

where ϕn(x
′) is the amplitude function of the n-th mode. Then, the deflection ws(x

′, y′)
is represented by

ws(x
′, y′) =

i

ω
φz(x

′, y′). (6.28)

The dispersion relation is written in the form (6.15).
Our approximation is valid in the whole area of the plate. Relations (6.27) and (6.8) are

used for further manipulations. Inserting the expression (6.27) into the Laplace equation
(6.1), we obtain

∆ϕ+ 2κ(iϕx′ + ϕz) + O(K0) = 0. (6.29)

We stretch the coordinates by Y = K1/2y′, κ = Kr, where K is the large parameter, r
is the solution of the plate dispersion relation, r = O(1). Next, the z-derivative can be
expressed via x′- and Y Y -derivatives in the following form

ϕz = −iϕx′ −
ϕY Y
2r

, (6.30)

and then eliminated from the equations.
We consider large values of K and expand the potential in power series of K. The

first two equations then become

O(K0) :
(

Dr4 − µ+ 1
)

(

−iϕx′ −
ϕY Y
2r

)

+ D
(

−2r3ϕY Y − 4ir4ϕx′
)

= 0, (6.31)
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and

O(K1) :
(

Dr4 − µ+ 1
)

r = 1. (6.32)

Equation (6.32) is the dispersion relation of the problem. The elastic coefficients D and
µ are constant, and therefore r is constant too and the rays are straight lines. Next, the
partial differential equation

2irϕx′ + ϕY Y = 0 (6.33)

has to be considered. Two terms in (6.33) are equal in order of magnitude when x′ = O(1)
and Y = O(1), then y′ = O(K−1/2). This in fact defines the area of validity of the
parabolic approximation.

Use of Laplace transform

ψ(s, Y ) =

∞
∫

0

ϕ(x′, Y )e−sx
′

dx′

leads to the equation

2irsψ + ψY Y = 2irϕ(0, Y ), (6.34)

and the following initial conditions are required, see Mei and Tuck [76], changing with
the change of the Y -sign,

ϕ(0, Y ) = As, Y < 0, (6.35)

ϕ(0, Y ) = 0, Y > 0. (6.36)

A value of the constant As can be obtained from the second part of our solution, using
the results for the function w2.

From the general solution of (6.34), we obtain the following equations

ψ−(s, Y ) = α1(s)e
√

2irsY +
As

s
, Y < 0, (6.37)

ψ+(s, Y ) = β2(s)e
−
√

2irsY , Y > 0, (6.38)

with the following notation of the amplitude functions and their transforms: ϕ− and ψ− in
the region Y < 0, and ϕ+ and ψ+ in the region Y > 0. The constants can be determined
by use of the matching (transition) conditions (6.37–6.38), they are: α1 = −β2 = −As/2s.
Applying Laplace inverse transform and using the transition conditions

ϕ+ = ϕ−, ϕ+
Y = ϕ−

Y (6.39)

at Y = 0, we derive the following results for the amplitude functions, according to [20],

ϕ−(x′, Y ) = − As√
π





∞
∫

0

e−λ
2

dλ−
−q
∫

0

e−λ
2

dλ



+ As, (6.40)
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ϕ+(x′, Y ) =
As√
π





∞
∫

0

e−λ
2

dλ−
q
∫

0

e−λ
2

dλ



 , (6.41)

where the upper limit of the second integral is given by

q =
Y
√

ir√
2x′

. (6.42)

Each of the integrals multiplied by coefficients in (6.40–6.41) is an error function erfq (the
upper limit of integration is its argument); the error function with argument ∞ equals 1.

Calculating the integrals in (6.40–6.41), we may obtain the value of the potential in
the plate area and, correspondingly, the value of the deflection ws. The analysis presented
in this section is valid in the whole area of the plate, so like the function ws(x

′, y′) exists
in the whole plate area.

Finally, the total deflection of the quarter-infinite plate is written in the original co-
ordinates (x, y) as the following sum

w(x, y) = w1(x, y) + ws(x, y) (6.43)

for the whole plate area, where the first term is the main part of the solution and the
second part represents the solution along the rays by stretching the coordinates. The
function w1 can be computed by formula (6.13) and the function ws by formula (6.28).

6.6 Numerical results

In this section we show the numerical results for the deflection of the quarter-infinite plate
and the inner reflection on the far edge of the plate.
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Figure 6.5: Deflection of the QIP, for λ = 0.5l, β = 5◦, then θ ≈ 49.9◦.

In figures 6.5–6.7, results are presented for the total plate deflection w, normalized by
the wave amplitude A = 1 m. The results are shown for different angles of incidence and
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Figure 6.6: Deflection of the QIP, for λ = 0.5l, β = 15◦, then θ ≈ 50.5◦.

wavelengths. Calculations are based on the constant flexural rigidity D = 105 m4, water
depth h = 100 m, Poisson’s ratio ν = 0.3, and ratio m/ρw = 0.25 m. The number of roots
of the dispersion relation (6.15) taken into account is N = 15. The length and width of
part of the plate shown in the figures equal to l = 300 m.

The difference of the deflection in the main zone P1 and in the zone P2 can be seen in
the figures. The values of the reflection angle θ are presented for corresponding situations.
Solutions in the zones P1 and P2 match each other well, as shown in figures 6.5–6.7, so
there is a smooth transition between these zones along the border.

Numerical results for the inner reflection are given in figure 6.8. As was expected, the
value of ws is quite small compared to the main deflection w1. For rather long waves we
can neglect the contribution of inner reflection ws in the total deflection (6.43), but for
short waves this term has to be taken into account.

6.7 Conclusions

An analytical study has been presented for the problem of interaction between an elastic
floating plate of quarter-infinite planform and water waves. The solution consists of
three parts. The first part is the solution in the main zone of the plate. It is based
on the approach given in chapter 3 and papers [43, 5] for a semi-infinite plate. The
integro-differential equation, geometrical-optics approach, Green’s function, thin-plate
theory, boundary (free surface and bottom) and plate free-edge conditions are used for
the solution.

We have taken into account a finite number of roots of the plate dispersion relation,
which represent one traveling wave mode and several damped wave modes. We were
especially interested in the propagation of the traveling mode — the main ray (ray Ansatz)
of the solution. Its reflection (inner reflection) on the plate far edge results in additional
plate deflection. Special matching conditions were derived along the border which split
up the plate area into zones where inner reflection does exist and where it does not, i.e.,
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in the main zone and the zone close to the plate edge.
First, the deflection was represented as a sum of the main deflection w1 and the product

of inner reflection w2. Using the ray method, stretching the coordinates, and using derived
matching and initial conditions, we obtained the deflection function ws existing in the
whole plate area to substitute w2. Numerical results for the plate deflection and inner
reflection were presented. Solutions in two zones match each other well.

The approach presented can also be used to study the free-surface elevation, reflection
and transmission of incident waves. The case of perpendicular incident waves has been
studied by Takagi [121] and Ohkusu and Namba [95]; in the latter paper the problem was
solved for shallow water. The influence of the waves traveling along the edge y = 0 has
to be studied for this case. For shallow water, the problem can be solved using transition
conditions for the potential, as was demonstrated in chapter 3. The effect of the corner
point was ignored in the analysis presented. Hence, it may also be interesting to study
its effect on the results.
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6.8 Extensions

The analytical study presented in this chapter may be developed further. We can extend
the presented approach to the case of incident waves propagating from the third quadrant
as shown in figure 6.9, i.e. from (−∞,−∞).
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The technique used for the situation where waves are coming from the second quadrant
is extended to this situation in the following way. First, the main deflection of the plate
is determined. Then we can find the additional deflections in the zones P1 and P2.
Using these results and the matching conditions derived along the borders B1 and B2,
we can determine the influence of the inner reflection products in the zones P1 and P2,
respectively, on the ’shadow’ region P3. Also, Bessel or Hankel functions can be used to
study the wave propagation in the shadow region P3.
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Figure 6.10: Waves incident on a strip of semi-infinite length.

The analysis presented can also be extended to two other planforms of the elastic
floating plate which is a model of the VLFS: a strip of semi-infinite length and a plate
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of finite dimensions. The latter is the realistic case. These problems can be solved with
our approach: first, we derive the main result in the whole plate area; next, we study
the inner reflection of the wave modes on the plate edges. Further, we can derive the
matching conditions as has been shown in this chapter. To increase the accuracy of the
results, one can also study a ’second inner reflection’ — the reflection of the reflected
traveling wave mode on the next edge of the plate, etc.

The geometry of the problem for a strip of semi-infinite length (SSIL) is shown in
figure 6.10. In this case we have to study the reflection of the traveling wave mode (ray
Ansatz) on two edges: y = 0, 0 < x < l and x = l, 0 < y <∞, which are shown in figure
6.10. The deflection of the SSIL can be written in the following form

w(x, y) = w1(x, y) + w2(x, y) + w3(x, y),

where w1 and w2 are the same as in the QIP case and w3 is the additional deflection
appearing due to the reflection of the traveling mode on the edge x = l. The relation
between the inner reflection angles is γ = π/2 − θ, and the angle γ is defined by tan γ =
κ1/k0.

To increase the accuracy of the approach, we can consider two more terms, such as:
the traveling wave mode reflected on x = l, which was previously reflected on the edge
y = 0, and the traveling wave mode previously reflected on the edge x = l. Results for
these terms can be obtained with the amplitude a∗1.

In the case of a plate of finite dimensions, the plate occupies the finite element of
the free surface. Let us assume that the waves propagate from the third quadrant in the
direction of the first quadrant, where the plate covers the region 0 ≤ x ≤ l, 0 ≤ y ≤ b.
We can consider separately the main ray crossing the edge x = 0, 0 < y < b and that
crossing the edge y = 0, 0 < x < l, which are reflected on three other edges of the plate.
Further, we may also study the second inner reflection of the traveling wave mode.



Chapter 7

Hydroelastic behavior of a plate of

finite draft

In this chapter the diffraction of incident surface water waves by a very large floating
platform of finite thickness and draft is under consideration. The platform of finite, but
small, draft is modeled by a thin elastic isotropic plate. An analytical and numerical study
of the hydroelastic behavior of the plate is presented. The problem is solved for the main
case of finite water depth. To simplify the equations involved, the half-plane problem
is considered. Recommendations are given for other horizontal planforms of the plate
and possible extensions of the method developed. Although here the half-plane problem is
considered, the approach may be extended to plates of other horizontal planforms. The
deflection of the plate is represented as a series of solutions with respect to the plate
draft; we present and use first and second terms. Each of these terms can be written
as a series of exponential functions. The integro-differential formulation and equation
obtained, the dispersion relations in the plate region and open water, the Green’s theorem,
geometrical-optics approach and Lindstedt (PLK) method are used to determine reduced
wavenumbers of zero and first draft order. Further, sets of equations are derived to find
the corresponding wave-mode amplitudes. Results obtained for the plate of finite draft are
compared to those for a plate with zero thickness.

7.1 Introduction

Fluid-structure interaction is an important subject of hydrodynamics. The subject is
widely studied and many papers devoted to it have been published in recent years. A
very detailed literature survey of hydroelastic analysis of VLFS has been published by
Watanabe et al. [143]. Our general survey is given in chapter 1. A number of different
approaches has been developed for the problem of interaction between VLFS and surface
water waves. The VLFS is modeled by a thin elastic plate; generally, the plate is assumed
to have zero thickness, e.g. [5, 41, 91, 115, 126]. In chapters 3–6, too, the solutions for
different horizontal planforms of the floating plate were derived using the zero-thickness
assumption. Horizontal force on a plate of small draft was studied in [94].

In contrast to previous chapters, here, our technique is extended to a plate having
nonzero (constant) draft, which is a realistic problem of the highest interest. Hence,
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in this section we derive the solution for a plate of finite draft (PFD) based on our
integro-differential formulation, IDE and the solution derived for the zero-thickness case
using the geometrical-optics approach, and the Lindstedt method. The details on the
integro-differential formulation are given in chapter 2; the derivation of IDE for particular
problems and its solution are presented in chapters 3–6. The Lindstedt or PLK (Poincaré-
Lighthill-Kuo) method is described in [53]. Our ideas and preliminary results for the
problem were presented in [10].

The key idea of our approach is the representation of the plate deflection (vertical
displacement in the plate region) as a sum of the zero-thickness result obtained in section
3.4, a zero draft order solution, and a correction term, a first draft order solution. Having
nonzero thickness, the plate has two wetted surfaces: a horizontal (bottom) and vertical
(side) one, the latter was not considered in the previous sections.

After the introduction, we formulate the problem in the second section. The problem is
treated in the frequency domain. In the third section, we point the direction of an analysis
and describe the form of deflection chosen. The amplitudes and reduced wavenumbers,
which are related to the roots of the dispersion relations in the plate region and open-
water region, may be represented as a power series with respect to the plate draft. As in
the previous chapters, we apply the Green’s theorem for the velocity potential in both the
plate and open-water regions. The Green’s function is introduced for the finite water depth
case. Next, we derive an integral equation for the potential and an integro-differential
equation for the plate deflection. As will be noticed, the left-hand side of the IDE derived
coincides with one derived with the zero-thickness assumption, while the right-hand side
includes terms of zero and first draft order.

The next step of the analysis for the problem studied is the use of expanded forms
for the amplitudes and reduced wavenumbers. Then, the terms of zero draft order are
identified and studied separately. In the fourth section we derive the solution for the
zero draft order problem, following the approach derived for the semi-infinite plate in
chapter 3. Using the set of equations derived, we determine the amplitudes and deflection
of zero draft order. In the fifth section we consider the equation of first draft order
extracted from the governing IDE. It is expected and will be justified that the reduced
wavenumbers of first draft order can be expressed via the wavenumbers of zero draft order,
which are the roots of the dispersion relation in the plate region. Knowing the amplitudes
and wavenumbers used in this step, we can derive a set of equations to determine the
amplitudes of the first-draft-order deflection. This completes our analytical study.

The sixth section gives numerical results for different values of the plate draft and
wavelength. In addition it compares the numerical results for the total deflection, the
solution obtained with the zero-thickness assumption and the deflection functions of zero
and first draft order. In the seventh section, possible extensions of the method are demon-
strated, and the direction of an analysis is pointed. Concluding remarks are given in the
eighth section.

7.2 Formulation

A plate of finite small draft, semi-infinite in horizontal planform, covers part of the water
surface. Water is assumed to be an ideal incompressible fluid of finite and constant depth.
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The plate deflection is generated by incoming surface waves propagating in the positive
x-direction. The geometry of the problem and the coordinate system chosen are shown
in figure 7.1.

In the chapter the plate has the following parameters and material characteristics: ρp –
density, hp – thickness, d – draft, m – mass per unit area, D – flexural rigidity. The water
and wave parameters are: ρw – density, h – depth, λ – wavelength, k0 – wavenumber, ω
– wave frequency, A – wave height. The introduced structural parameters D = D/ρwg,
µ = mω2/ρwg are constant as an isotropic plate is considered; the flexural rigidity and
bending stiffness of the plate are constant.

The wave height A is smaller than the plate thickness hp. Therefore, there is no cavity
between the wetted surface of the plate and water surface. The normal incidence of
water waves is studied. This assumption is by no means necessary — the problem would
not be difficult to deal with if this simplifying assumption was not made. Hence, the
angle of incidence β is zero; the geometry of our problem becomes two-dimensional (x, z).
However, the problem is formulated for the general three-dimensional case. A transition
to the case of oblique waves is described in section 7.7.
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Figure 7.1: Definition sketch of the problem.

With the usual assumptions of an ideal fluid and small amplitudes, see sections 2.2 and
3.2, the velocity potential can be written in the form (2.7) Φ(x, y, z, t) = φ(x, y, z)e−iωt.
The potential φ(x, y, z) is governed by the Laplace equation in the fluid, −h < z < 0,

∆φ(x, y, z) = 0. (7.1)

The velocity potential must satisfy the boundary conditions on the free surface z = 0

∂φ(x, y, 0)

∂z
−Kφ(x, y, 0) = 0, on F , (7.2)

on the bottom z = −h (2.21), and on the plate wetted surfaces which are horizontal P
(x > 0, z = −d) surface and vertical Ss (x = 0,−d < z < 0), see section 2.4 and [10, 143].
The condition on the horizontal surface (plate bottom) has the form

∂φ(x, y,−d)
∂z

= −iωw(x, y), on P, (7.3)

and the condition on the vertical wetted surface (the side)

∂φ(0, y, z)

∂x
= 0, on Ss, (7.4)
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as the direction of the normal vector pointing from the fluid domain to the plate coincides
with the z-direction in the former case, and with the x-direction in the latter. The
radiation condition for the scattering and radiation potential at R → ∞ is written in the
form (2.26). In two-dimensional (x, z) analysis, the horizontal distance R simply becomes
x.

Using thin plate theory, see section 2.3, we can obtain the differential equation for the
plate deflection and, correspondingly, the following expression for the total potential φ at
the plate area

(

D∆2 − µ+ 1
) ∂φ

∂z
−Kφ = 0, (7.5)

whereK = ω2/g. As the geometry of our problem is two dimensional (x, z), this expression
takes the form

(

D d4

dx4
− µ+ 1

)

∂φ

∂z
−Kφ = 0, (7.6)

For the potential open water area F we have the condition (7.2). The potential of the
undisturbed incident wave φinc is given by

φinc(x, y, z) =
cosh k0(z + h)

cosh k0h

gA

iω
eik0(x cos β+y sinβ), (7.7)

which in 2D becomes

φinc(x, z) =
cosh k0(z + h)

cosh k0h

gA

iω
eik0x. (7.8)

For water of finite depth, the wavenumber k0 is the only real solution of the water disper-
sion relation

ki tanh kih = K. (7.9)

The wavelength of the incoming waves is λ = 2π/k0. The diffraction potential, which
equals φ− φinc, must satisfy the Sommerfeld radiation condition at infinity.

The linearized free surface kinematic condition (7.3), which in 2D has the form

∂φ

∂z
(x, z) = −iωw(x), (7.10)

expresses the relation between the velocity potential and the plate deflection. The hori-
zontal edge of the plate is free of vertical forces, bending and twisting moments, and the
free edge conditions at y = 0 are

d2w

dx2
= 0; (7.11)

d3w

dx3
= 0, (7.12)

as the direction of the normal n coincides with that of the x-axis and the geometry of the
problem is two-dimensional.
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7.3 Solution

Following section 2.7, here, with the use of thin plate theory and Green’s theorem we
obtain an integral equation for the potential and, further, an integro-differential one for the
plate deflection. The key idea of our approach is adding a correction which is dependent
on draft to the solution obtained for the SIP with the zero-thickness assumption, given
in section 3.4.

7.3.1 Deflection

As in the case of zero draft, see p.50, we represent the deflection of the plate with constant
draft in the form

w(x) =

∞
∑

n=0

ane
iκnx, (7.13)

where the amplitudes an and reduced wavenumbers κn are unknown. Each term of the
series represents the corresponding wave mode. Due to the convergence of the series in
(7.13), a finite number of wave modes, M , is taken into account. However, now we will
write the amplitude as a power series with respect to small value of the draft as follows:

an = a(0)
n + da(1)

n + O(d2). (7.14)

To avoid secular behavior of the amplitudes, as in the Lindstedt (PLK) method [53], we
also expand the reduced wavenumber κn as a power series

κn = κ(0)
n

(

1 + dκ(1)
n

)

+ O(d2). (7.15)

The plate deflection (7.13) may be rewritten as the sum of the zero draft order (with
a correction term in the exponential function) and first draft order solutions

w(x) = w(0)(x) + dw(1)(x), (7.16)

where the function w(q)(x), q = 0, 1 is given by

w(q)(x) =

M
∑

n=0

a(q)
n e

iκ
(0)
n

“

1+dκ
(1)
n

”

x
. (7.17)

Terms containing a
(0)
n and a

(1)
n of the corresponding series are of the zero (with a correction)

and first draft order, respectively. In fact the term of the zero draft order is the first term
of the asymptotics, and the term of the first draft order is the second asymptotical term.

For the case where the plate thickness is assumed to be zero, see sections 2.6, 3.4 and
[5], the deflection w(0∗)(x) is represented in the form

w(0∗)(x) =
M
∑

n=0

a(0)
n eiκ

(0)
n x. (7.18)

This deflection function will be used to compare the results obtained for the current
problem with those obtained using the zero-thickness assumption.
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7.3.2 Derivation and analysis of IDE

Here the main integro-differential equation for the problem is derived. We follow the
derivation of the IDE presented in sections 2.7 and 3.3. The Green’s function G (x, ξ) is
introduced for a source within the fluid (see section 2.5). We apply the Green’s theorem
for the potential in the open water and plate regions as for the previous problems.

The total potential φ(x) satisfies the equation derived

2πφ(x, z) = 2πφinc(x, z) +

∫

Ss

(

φ
∂G
∂n

− G ∂φ
∂n

)

dζ +

∫

P

(

φ
∂G
∂n

− G ∂φ
∂n

)

dξ, (7.19)

where we have the first integral as the vertical side surface is considered now; it is a new
term compared to zero-thickness analysis. Because the normal coincides with the x-axis,
the normal derivative of the potential, φn, for the vertical surface of the plate, becomes
φx, equaling zero due to the condition (7.4). Hence, the second term in the first integral
in (7.19) vanishes. For the horizontal surface, where the normal coincides with the z-axis,
the potential normal derivative becomes φz.

Thus, from (7.19) we obtain

2πφ(x, z) = 2πφinc(x, z) +

0
∫

−d

φ(0, ζ)
∂G(x,−d; 0, ζ)

∂ξ
dζ+

∞
∫

0

(

φ(ξ,−d)∂G(x,−d; ξ,−d)
∂ζ

− G(x,−d; ξ,−d)∂φ(ξ,−d)
∂ζ

)

dξ. (7.20)

The Green’s function G may be rewritten as

G(x,−d; ξ,−d) = G(x, 0; ξ, 0) − d

(

∂G(x, 0; ξ, 0)

∂z
+
∂G(x, 0; ξ, 0)

∂ζ

)

+ O(d2). (7.21)

Then, rewriting the integrals in the integral equation for the potential (7.20), we arrive
at the following approximate integral equation:

2πφ(x,−d) = 2πφinc(x,−d) + dφ(0, 0)
∂G(x, 0; 0, 0)

∂ξ

+

∞
∫

0

(

φ(ξ,−d)∂G(x, 0; ξ, 0)

∂ζ
− G(x, 0; ξ, 0)

∂φ(ξ,−d)
∂ζ

)

dξ

−d
∞
∫

0

φ(ξ,−d)
(

∂2G(x, 0; ξ, 0)

∂z∂ζ
+
∂2G(x, 0; ξ, 0)

∂ζ2

)

dξ

+d

∞
∫

0

∂φ(ξ,−d)
∂ζ

(

∂G(x, 0; ξ, 0)

∂z
+
∂G(x, 0; ξ, 0)

∂ζ

)

dξ + O(d2), (7.22)

for the potential in the plate area P, where the first term represents the incident field.
Here and in the sequel we neglect terms of order O(d2). The total potential φ will be
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rewritten as Taylor expansion series. The incident potential φinc(x,−d) can be derived
from (7.8) at z = −d. Alternatively, the incident potential φinc might also be rewritten
as Taylor expansion series at z = 0.

The two-dimensional Green’s function at the free surface (z = ζ = 0) has the following
form, see section 2.5 and [10, 43]:

G(x, 0; ξ, 0) = −
∞
∫

0

cosh kh

k sinh kh−K cosh kh
eik(x−ξ) dk, (7.23)

while the general forms of the two-dimensional Green’s function are

G(x, z; ξ, ζ) = −
∞
∫

−∞

1

k

K sinh kζ + k cosh kζ

k sinh kh−K cosh kh
cosh k(z + h)eik(x−ξ) dk (7.24)

for z < ζ, and

G(x, z; ξ, ζ) = −
∞
∫

−∞

1

k

K sinh kz + k cosh kz

k sinh kh−K cosh kh
cosh k(ζ + h)eik(x−ξ) dk (7.25)

for z > ζ. In our analysis we will use formula (7.24) for the Green’s function in the general
case and formula (7.23) at the free surface. In the three-dimensional case, the Green’s
function at the free surface is written in the form (2.53).

We introduce the function F0, which contains terms of the right-hand side of (7.22)
(except of the third one):

2πF0 = 2πφinc(x,−d) + dφ(0, 0)
∂G(x, 0; 0, 0)

∂ξ

−d
∞
∫

0

φ(ξ,−d)
(

∂2G(x, 0; ξ, 0)

∂z∂ζ
+
∂2G(x, 0; ξ, 0)

∂ζ2

)

dξ

+d

∞
∫

0

∂φ(ξ,−d)
∂ζ

(

∂G(x, 0; ξ, 0)

∂z
+
∂G(x, 0; ξ, 0)

∂ζ

)

dξ. (7.26)

The relations between the potential and its derivatives and the plate deflection can be
derived from the conditions (7.10) and (7.6). Then, combining the left-hand side and the
first integral in the right-hand side of (7.22), we obtain the following integro-differential
equation for the plate deflection:

{

D d4

dx4
− µ+ 1

}

w(x) − K

2π

∞
∫

0

G(x, 0; ξ, 0)

{

D d4

dξ4
− µ

}

w(ξ) dξ = F0, (7.27)

analogously to chapters 3–6. If we insert expressions for the deflection (7.13) and the
Green’s function (7.23) into the IDE (7.27), keeping an and κn in the general forms, the
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following equation is derived

M
∑

n=0

(

Dκ4
n − µ+ 1

)

ane
iκnx +

K

2π

∞
∫

0

M
∑

n=0

(

Dκ4
n − µ

)

ane
iκnξ

×
∞
∫

0

cosh kh

k sinh kh−K cosh kh
eik(x−ξ) dk dξ = F0. (7.28)

The modified form of the function F0 will be discussed later.
Next, the integration with respect to ξ has to be carried out. The k-integral can be

solved by means of the residues at the poles k = κn and k = ki of the complex plane (as
described in section 3.4). Then we obtain

M
∑

n=0

(

Dκ4
n − µ+ 1

)

ane
iκnx +K

M
∑

n=0

(

Dκ4
n − µ

)

an

×
(

eiκnx

κn tanhκnh−K
+

M−2
∑

i=0

kie
ikix

(κn − ki)Ki

)

= F0, (7.29)

where the function Ki introduced is

Ki = K(1 −Kh) + k2
i h (7.30)

for i = 0, ...,M−2. To function F0, the right-hand side of (7.27–7.28), the same operations
have been applied.

Now we rewrite the amplitudes an in the form (7.14) and obtain the following extended
expression from (7.29):

M
∑

n=0

(

Dκ4
n − µ+ 1

) (

a(0)
n + da(1)

n

)

eiκnx

+K

M
∑

n=0

(

Dκ4
n − µ

) (

a(0)
n + da(1)

n

) eiκnx

κn tanh κnh−K
= F, (7.31)

where the function F has been derived from the original function F0 as the contribution
of the poles k = κn and k = ki in the complex plane, analogously to the derivation of the
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left-hand side in (7.29). It has the following form

F = Aeik0x
cosh k0(h− d)

cosh k0h
−K

M
∑

n=0

(

Dκ4
n − µ

) (

a(0)
n + da(1)

n

)

M−2
∑

i=0

kie
ikix

(κn − ki)Ki

−d
M−2
∑

i=0

k2
i e

ikix

Ki

(

A+K
M
∑

n=0

(

Dκ4
n − µ

) (

a(0)
n + da(1)

n

)

M−2
∑

j=0

kj
(κn − kj)Kj

)

+Kd

M
∑

n=0

(

Dκ4
n − µ+ 1

) (

a(0)
n + da(1)

n

)

(

κn tanhκnh eiκnx

κn tanh κnh−K
+

M−2
∑

i=0

Kkie
ikix

(κn − ki)Ki

)

+d

M
∑

n=0

(

Dκ4
n − µ+ 1

) (

a(0)
n + da(1)

n

)

(

κ2
ne

iκnx

κn tanh κnh−K
+

M−2
∑

i=0

k3
i e

ikix

(κn − ki)Ki

)

−Kd
M
∑

n=0

(

a(0)
n + da(1)

n

)

(

κn tanh κnh eiκnx

κn tanhκnh−K
+

M−2
∑

i=0

Kkie
ikix

(κn − ki)Ki

)

−K2d

M
∑

n=0

(

a(0)
n + da(1)

n

)

(

eiκnx

κn tanhκnh−K
+

M−2
∑

i=0

kie
ikix

(κn − ki)Ki

)

. (7.32)

To found the third term in (7.32) we have used the value of the potential in open water
area at x = 0.

From now on we will separately continue the analysis for zero and first draft order
equations. We will use the product of the incident potential, the first term in (7.32), only
in zero draft order equations.

7.4 Zero draft order

First, we distinguish terms of zero draft order in (7.31–7.32), which allows us to find κ
(0)
n

and, later, a
(0)
n . Analyzing the left-hand side of (7.31) and collecting terms of O(d0), we

obtain the governing equation of the zero draft order

M
∑

n=0

F(κ(0)
n )a(0)

n eiκnx = Aeik0x −K
M
∑

n=0

(

Dκ4
n − µ

)

a(0)
n

M−2
∑

i=0

kie
ikix

(κn − ki)Ki

, (7.33)

where the function F(κn) has the form

F(κn) =
(Dκ4

n − µ+ 1)κn tanhκnh−K

κn tanh κnh−K
. (7.34)

In the numerator of the function F(κn), we have the dispersion relation in the plate
region, which is

(

Dκ(0)4

n − µ+ 1
)

κ(0)
n tanh κ(0)

n h = K. (7.35)

The dispersion relation (7.35) is of zero draft order and it allows us to find the reduced

wavenumbers κ
(0)
n , which coincide with the roots of (7.35) because of the two-dimensional

geometry of the problem.
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Making M the truncation parameter of the problem, we take into account M+1 roots
κ

(0)
n of the plate dispersion relation (7.35) and M − 1 roots ki of the water dispersion

relation (7.9). All the roots have the same location in the complex plane as was described
in section 3.4. The plate dispersion relation (7.35) has the following solutions: two at the

real axis ±κ(0)
0 , and four complex roots ±κ(0)

1 , ±κ(0)
2 (the position of these six roots in the

complex plane was shown in figure 3.3), and ±κ(0)
n , n = 3, 4... at the imaginary axis. The

four complex roots are symmetrically placed with respect to both the real and imaginary
axes. We take into account M roots of the dispersion relation (7.35) located in the upper

half-plane, the real positive root κ
(0)
0 , which represents the traveling wave mode, two

complex roots κ
(0)
1 and κ

(0)
2 with equal imaginary parts and equal but opposite-signed real

parts, which represent damped wave modes, and imaginary roots ±κ(0)
n , n = 3, 4, ...,M .

From the roots of the water dispersion relation (7.9), M − 1 roots are taken into account:
the only real positive root k0 and M − 2 imaginary roots ki, i = 1, ...,M − 2.

The set of equations to determine the amplitudes a
(0)
n can be obtained by considering

the coefficients of the exponential function eikix; the procedure is described in detail in
section 3.4. We obtain M − 1 equations

M
∑

n=0

(

Dκ(0)4

n − µ
) Kkia

(0)
n

(

κ
(0)
n − ki

)

Ki

= Ai, (7.36)

where i = 0, ...,M − 2, and

A0 = −Acosh k0(h− d)

cosh k0h
,

Ai = 0 for i = 1, ...,M − 2. The rest of the equations are obtained from the free edge
conditions (7.11–7.12):

M
∑

n=0

κ(0)2

n a(0)
n = 0; (7.37)

M
∑

n=0

κ(0)3

n a(0)
n = 0. (7.38)

In such a way, the set of equations for the amplitudes a
(0)
n consists of M + 1 equations

(7.36–7.38) and has exactly the same form as that derived for the case of zero-thickness
assumption in chapter 3 (A0 = −A when d = 0). Hence, the deflection function w(0∗)(x)
can be computed by formula (7.18).

7.5 First draft order

In this section, we consider the terms of first draft order in the extended IDE (7.31).
Terms which contain κn − ki in the denominator in formula (7.32) result in extra terms
of O(d1). The first-draft-order governing equation becomes

M
∑

n=0

(

F(κ(0)
n )a(1)

n +
∂F(κ

(0)
n )

∂κn
κ(0)
n κ(1)

n a(0)
n

)

eiκnx

κn tanhκnh−K
= F (1), (7.39)
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where the function F (1), according to formulas (7.31–7.32), has the following form
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after some manipulations. All terms in (7.40) are of the first draft order.
The function F(κn), which was written in the form (7.34), can be expanded in the

following way

F(κn) = F(κ(0)
n ) + d

∂F(κ
(0)
n )

∂κn
κ(0)
n κ(1)

n + O(d2). (7.41)

Doing some operations and considering the coefficients of eiκnx, we obtain the following
relation for reduced wavenumbers of the first draft order κ

(1)
n
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Thus, the reduced wavenumbers κ
(1)
n are now expressed via κ

(0)
n , which are the roots of

the plate dispersion relation (7.35). It is seen from (7.42) that κ
(1)
n ∼ O(1/h), and also

that dκ
(1)
n < 1 for realistic values of the draft and wavelength as was expected.
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The nature of the wavenumbers of first draft order κ
(1)
n is the same as for the cor-

responding wavenumbers κ
(0)
n for n = 0, 1, 2: they are purely real when n = 0, and are

complex when n = 1, 2. For n = 3, 4, ...,M , however, the wavenumbers κ
(1)
n are purely

real, while the wavenumbers κ
(0)
n are pure imaginary roots of the dispersion relation (7.35).

It can be shown that κn = κ
(0)
n (1 + dκ

(1)
n ) fulfills the following dispersion relation

(

Dκ4
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)

κn tanh κn(h− d) = K (7.44)

up to O(d2).

Knowing κ
(1)
n and a

(0)
n , we can compute the deflection function w(0) by formula (7.17).

Then, the amplitudes a
(1)
n may be found with the use of equations (7.39–7.40), the ampli-

tudes a
(0)
n , and the wavenumbers κ

(0)
n and κ

(1)
n . For this we use the technique with which

we also found the amplitudes in the previous section and in chapters 3–5. The equations
for determining the amplitudes a

(1)
n have the following form
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for i = 0, ...,M − 2. As in the previous section, M − 1 equations (7.45) are supplemented
by the equations derived from the free edge conditions (7.11–7.12):
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M
∑

n=0

κ(0)3

n a(1)
n = −3
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n κ(1)
n a(0)

n . (7.47)

We may note that the coefficients of the amplitudes a
(0)
n and a

(1)
n are the same in the

corresponding sets of equations, the left-hand sides of the sets (7.36–7.38) and (7.45–
7.47), respectively. The set of M + 1 equations (7.45–7.47) of the first draft order allows

us to find the amplitudes a
(1)
n and, correspondingly, the deflection term w(1) with the use

of (7.17).
Hence, the total deflection can be computed by formula (7.13).
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7.6 Numerical results and discussion

Here numerical results are presented for the total deflection of the plate with finite draft.
We obtain results for practically relevant cases. The results for different values of the
plate draft, water depth and wavelength are compared. The results are also compared
with those obtained with the zero-thickness assumption in chapter 3 and with those
obtained in [45] for the case of small finite draft. Also, we study the influence of the
correction of the nonzero draft on the results for the plate deflection.
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Figure 7.2: Deflections w, w(0∗), w(0), w(1); for h = 10 m, D = 107 m4, l = 1000 m,
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The number of the roots κ
(0)
n and, correspondingly, that of the roots κ

(1)
n which are

taken into account for the computations is M = 30. It provides sufficient accuracy, as was
also reported in chapters 3–6. We take the Poisson’s ratio ν = 0.25, ratio m/ρw = 0.25 m,
and wave height A = 1 m as constant. Hence, results shown are for the real part of the
deflection, normalized by the wave height. Results for w are plotted against x/l, where l
is the length of the plate part considered.

The four curves in figures 7.2–7.5 represent the total deflection w, deflection for the
case of zero draft (zero-thickness assumption) w(0∗), the deflection terms of zero w(0) and
first w(1) draft order.

In figures 7.2–7.4, results are shown for realistic values of the plate rigidity (as for
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a VLFS) for shallow and rather deep water. In figure 7.5, results are plotted for low
rigidity (as for an ice field). The vertical and horizontal shifts can be seen when w, w(0∗)

and w(0) are compared. The difference between the total deflection w for finite draft and
the deflection function w(0∗), and the direction and value of the shifts, the differences
between w, w(0) and w(0∗), are highly dependent on the draft value and water depth. The
plate deflection decreases (vertical shift) with increasing draft value. The direction of
the horizontal shift may differ for shallow and deep water (to the left and to the right,
respectively).
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Results for the total deflection w for different values of the draft are given in figures
7.6–7.7. With increase of the draft value, the total deflection of the floating plate decreases
as expected, that is prominent in figures presented. The draft has sufficient influence on
the results, especially for shallow water and, also, for the plate of low rigidity. For realistic
values of the plate rigidity and draft (as for VLFS), water depth and wavelength, however,
the influence is not too large.

The solution for plate of finite small draft is derived in this chapter by expansions of
all terms with respect to draft d. Hermans in [45] obtained the solution for this problem
straightforwardly by use of conditions at z = −d. The comparison of numerical results
for deflection of two approaches is given in figure 7.8 and shows good agreement. Also,
the deflection obtained with zero-thickness assumption is depicted in the same figure to
see the influence of draft. Here we have both horizontal and vertical shifts.

7.7 Extensions

Here we describe how the approach presented in this chapter may be extended to other
geometries of the problem. For the case of water waves with oblique incidence, we can
represent the deflection of the PFD having a semi-infinite horizontal shape in the form

w(x, y) =

M
∑

n=0

(

a(0)
n + da(1)

n

)

exp
{

iκ(0)
n

(

1 + dκ(1)
n

)

x cos β + ik0 sin β
}

. (7.48)

In general we follow the analysis presented in sections 7.3–7.5 with some minor modifica-
tions (in this case the geometry is three-dimensional).

Furthermore, the approach presented may be extended to the strip case: a PFD of
finite width and infinite length. We assume that the wavelength λ is smaller than the
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strip width l. The deflection is represented in the following way:
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M
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n=0

[(

a(0)
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b(0)n + db(1)n
)

exp
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n

(

1 + dκ(1)
n

)

x cos β
}]

exp {ik0 sin β} (7.49)

for the case of oblique waves.
Also, the approach can be extended to a floating plate with another horizontal plan-

forms considered in the thesis.

7.8 Conclusions and discussion

This chapter solved the problem of the diffraction of surface water waves on the floating
flexible plate of a finite small draft. The analytical and numerical study of the plate’s hy-
droelastic behavior has been presented. The problem has been solved with the use of thin
plate theory, the Green’s theorem, integro-differential formulation, governing equations of
the zero and first draft order derived. Our approach is based on the integro-differential
equation method, the modified geometrical-optics approach, and the Lindstedt method.
The plate deflection is represented as a series of solutions with respect to the draft. The
effect of the correction for the nonzero thickness has been studied. With growth of the
draft (thickness), the plate deflection decreases. Other unknown parameters of the prob-
lem, such as the free-surface elevation, reflection and transmission coefficients may be
determined by the approach presented as well.

For the case of shallow water, this problem may be solved with the Stoker approxi-
mation theory [107]. However, the case of finite water depth is the general case, and the
solution presented can be used for all water depths, as was previously reported in chapters
3–5, [5, 8, 9, 88].

This is a new application of our method, which in chapters 3–6 was applied to plates of
(assumed) zero thickness. The approach presented can be extended to the case of oblique
incident waves or to a strip of finite width and infinite length, shown in section 7.7, and
to plates of other horizontal planforms.

Although our main goal was to study the interaction between water waves and very
large floating structures, the method is also valid for small- and middle-sized floating
structures. In addition, it can be used to study the interaction between ice sheets and
water waves.

The study presented in this chapter is a practically relevant extension of those given in
the previous chapters. Here we derived the solution by expansions of all terms with respect
to draft d (except for the incident potential, that is also can be done), while Hermans
in [45] obtained the solution straightforwardly using conditions at z = −d. Future work
could focus on the plate of variable thickness and draft; some information can be found in
[101]. Also, it might be interesting to study the hydroelastic motion of a plate on water
of varying depth [16, 17].





Chapter 8

General conclusions and

recommendations

All general conclusions are given in this chapter. First, it gives a brief overview of the
problems solved in the thesis. Then the key ideas, important details, basic characteristics
and advantages of the method developed are described. Further, recommendations are
given concerning future study of plate-water interaction, and VLFS analysis and design.
Our view on very large floating structures in and for the future is given at the end of this
chapter.

8.1 Main conclusions

In this section, the main conclusions of the thesis are presented. Detailed concluding
remarks, together with the analysis, mathematical operations, numerical results and a
discussion were given for particular problems in chapters 3–7.

VLFS-water interaction has been treated in this thesis. We studied the behavior of
the very large floating structure in water waves. A thin elastic plate served as a model of
the very large floating structure, which can be used for different purposes in the offshore
zone or open sea. The hydroelastic motion of a floating plate and its response to surface
waves was also studied. The problem was solved analytically for six different shapes
of the floating plate. A new method for modeling plate-water interaction, the integro-
differential equation method, was developed. Results were obtained for three models: of
infinite, finite, and shallow water depth.

The complete study and details of the analysis were presented for each particular prob-
lem in corresponding sections of chapters 3–7. Analytical solutions and numerical results
were obtained for: the plate deflection, free-surface elevation, initiated wave pattern, and
the reflection and transmission of incident waves.

The influence of the water depth, wave parameters (wavelength, amplitude, frequency),
plate properties (rigidity) and length parameters on the behavior of the floating plate and
its hydroelastic response to an incident field has been investigated. Numerical results
were obtained for practically relevant and important cases. For the computations mainly
the packages developed in Fortran were used.

For realistic values of the plate rigidity and mass, the plate deflections were found to
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be very small. This means in practice that the VLFS is very stable and so that it will not
unbalance people walking on the floating platforms, or move structures/facilities located
on them.

The influence of plate motion on wave propagation has been investigated. With de-
creasing water depth, the results for the plate deflection and free-surface elevation change
gradually, while the influence of the water depth itself on the results increases.

On the plate contour, the vertical displacements of the plate and the free surface may
differ because the transition conditions imposed require continuity of mass and energy
fluxes, but not continuity of the free surface and plate elevations. All length and other
parameters of the problem can be normalized by the plate length (diameter); then we use
dimensionless parameters to ensure the correctness and accuracy of numerical study.

We have obtained numerical results for a floating plate having properties of the VLFS,
behaving in water waves nearly as a rigid body; if the properties of ice are used, the plate
is much more flexible.

8.2 Method

A new method to solve the problem of the interaction between a floating flexible plate and
water waves has been proposed. The key idea of our approach is derivating an integral
equation for the velocity potential and, further, an integro-differential equation for the
vertical displacement, the plate deflection or the free-surface elevation. We named the
proposed method the integro-differential equation method. Standard equations of
hydrodynamics, namely the Laplace equation and boundary conditions, Green’s theorem
and thin plate theory have been used to derive the general integro-differential equation
(IDE) for the problem.

After the derivation of the IDE, we proceeded with the complex integration and oper-
ations on the integrand and the Green’s and deflection functions involved. Using different
techniques for particular problems (various plate shapes and water depth models were
considered), we found a set of equations for the amplitudes of wave modes. Then, the
plate deflection could be determined as the superposition of exponential or Bessel func-
tions multiplied by the amplitudes, defined as in the geometrical-optics approach. Our
approach can also be used to determine parameters of the water field, the free-surface
elevation, initiated wave pattern generated by the plate motion, and reflection and trans-
mission of incident surface waves.

As shown in chapters 3–7, the integro-differential equation method allows us to solve
the plate-water interaction problem for different planforms of the floating plate (having
either a rectangular or an arbitrary shape). The method is also suitable for all three water
depth models: for infinite, finite, and shallow depth.

Due to the properties of the VLFS and its thickness, which is small compared to its
length parameters, the floating structure is modeled by a thin elastic plate. Therefore
the Kirchhoff thin plate theory was applied to describe the motion of the plate. The
plate deflection was represented as a superposition of exponential or Bessel functions for
different problems solved in chapters 3–7. For the case of a three-dimensional plate, the
deflection was represented as a combination of power series with respect to the constant
draft, which is a small parameter of the problem. Such a choice and following truncations
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of the series due to their decaying behavior were verified for all problems considered.
Modified forms of the Green’s functions were derived for different situations in section

2.5 using the standard forms [146] for infinite and finite water-depth cases. The Green’s
function and the velocity potential satisfy the boundary conditions at the free surface and
bottom and radiation condition. We combined the kinematic and dynamic conditions at
the free surface with equations of the thin plate theory and applied the Green’s theorem
to obtain an integral equation for the potential and an integro-differential equation for
the plate deflection, which is our main interest.

Two dispersion relations were used, one in the open fluid domain, and the second one
in the domain covered by the plate. The governing IDE derived is valid at the free surface,
which reduces the initial three-dimensional problem to a two-dimensional one. Next, the
integration in the complex plane was carried out using different operations and methods
for particular problems. The poles of the integrand in the IDE are at the solutions of
the plate dispersion relation. Application of the residue theorem at these poles yields
equations for determining the amplitudes of wave modes. The set of equations for the
amplitudes is completed by the free edge conditions. When the amplitudes and reduced
wavenumbers corresponding to the roots of the dispersion relations are known, the plate
deflection can be computed.

The advantage of the approach presented is that it derives one common set of equations
for the plate and open-water regions, in contrast to other methods. With the integral
equation for the potential and following the analysis, we can derive expressions for both
vertical displacements in the plate and open-water regions, the plate deflection and the
free-surface elevation, respectively. Hence, we can determine the plate deflection and free-
surface elevation using one common set of equations. Our approach can also determine
other unknowns of the problem, such as the reflection and transmission coefficients.

8.2.1 Extensions

First, we developed a method based on the integro-differential equation and asymptotic
theory of the geometrical-optics approach for the simplest geometry of the problem, a
half-plane horizontal planform of a floating plate (chapter 3). Then the technique was
extended to other planforms of the floating plate, such as a strip-shaped plate (chapter
3), a circular plate (chapter 4), a ring-shaped plate (chapter 5), a quarter-infinite plate
(chapter 6), and, finally, a plate of finite thickness (chapter 7).

The method can also be extended to the case of multiple strips; the solution for this
problem is presented in [44], and to a plate of variable thickness. An extension to the
latter case is straightforward for shallow water.

As the approach proposed is valid for both short and long waves, it can be used to
study the interaction of water waves and middle- or small-sized floating structures. Our
method can be applied for the ice-water interaction problem as well.

In the next sections, recommendations and a discussion on the future of VLFSs are
given.
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Figure 8.1: An application of our study: VLFS-water interaction.

8.3 Recommendations

Our approach is a large but only a first step to studying the behavior of real very large
floating structures. Many different parameters and effects have to be considered. In
our analyses, the bottom surface of the VLFS and the sea bed were assumed to be flat,
however, in the analysis of a real floating structure they must have realistic non-flat
shapes. Analytical approaches can be used/extended for the analysis of the realistic
offshore structures.

Direct numerical methods can be used for real floating structures as well. In literature,
a few numerical approaches can be found. The integral and integro-differential equations
derived for the velocity potential and vertical displacement, respectively, in the thesis can
also be solved numerically.

The approach developed may be also applied for offshore structures with piles; then
an additional condition is needed: a zero for the plate deflection at each pile.

Despite the great interest in and many studies on the hydroelastic analysis of mat-like
very large floating structures, there is still much work to be done. Directions for future
study are also indicated by Watanabe et al. [143, 144].

Arbitrary (non-rectangular) shaped VLFSs should be analyzed further. In fact, the
planform of the VLFS may be of any shape, which depends on its future purpose, location,
sea/ocean currents, etc.

The effect of nonlinear waves has to be considered. The analysis based on linear
waves is not valid in extreme situations such as large storms. These situations have to be
considered in design for safety and survivability reasons. More research on the impact of
tsunamis and typhoons on floating structures is expected.

VLFSs with an uneven (non-flat) bottom or hull have to be studied. Up to now, the
bottom of VLFSs has usually been assumed to be flat. A non-uniform sea bed topography
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Figure 8.2: An application of our study: ice-water interaction.

must also be taken into account. More work is needed on a realistic sea bed (non-flat)
topography.

In addition, more studies are and knowledge is required on the use of mooring facilities
[104, 151] and anti-motion devices [143] presented in figures 1.2 and 1.4, e.g., the use of
smart active anti-motion control devices (so far, only passive anti-motion devices have
been used).

It is expected that more studies will be done in the coming years on specific purposes
for and, correspondingly, specific designs and shapes of the VLFS. Also, various new
concepts of the VLFS system are/will be proposed, for instance a joined-separated VLFS
design [104], which makes it multifunctional and easily movable.

8.4 Future of VLFS and VLFS for the future

Here we present our view on the future of VLFSs and the future VLFSs. Other opinions
on their future can be found in [81, 104, 144, 151].

Coastal zones will continue to be developed in the next years, and so will very large
floating structures.

Floating structures have been and will continue to be constructed mostly in bays,
lakes or sea areas sheltered by islands and peninsulas. Since in these regions waves and
wind do not act so strongly on the floating structures, the motions of the VLFSs are not
so large either and they can easily be moored/held there [151]. When floating structures
are located in the open sea, the design of mooring facilities is crucial for the safety of
people and the structures themselves. More VLFSs are expected to be located far from
the shore.

We think that VLFS have a great future. As predicted, VLFSs will be used for floating
piers, docks, bridges, storage facilities, rescue bases, breakwaters, power plants, etc.; see
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chapter 1, [143, 144, 141]. Also, already in 21st century, we may expect the construction
of the first floating airport(s) or other huge artificial floating islands, and wide use of
mobile offshore structures.

Other applications of very large floating structures are huge living complexes and even
floating cities, first predicted by Jules Verne in his novel ”A Floating City” (1871). This
may become a reality sooner than one would expect.

Thus, in reply to Mark Twain and Jerome K. Jerome (see chapter 1), we may say
that the production of land is resumed, and not only through land reclamation works,
but also by the construction of new artificial floating islands in the sea, which can be used
for many different purposes.



Bibliography

[1] Abramowitz M. and Stegun I.A. (1964). Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables. U.S. Government Printing Office,
Washington, 1046p.

[2] Amos D.E. (1986). A Portable Package for Bessel Functions of a Complex Argument
and Nonnegative Order. ACM Transactions on Mathematical Software, vol.12, p.265-
273.

[3] Andrianov A.I. and Hermans A.J. (2002a). A VLFP on Infinite, Finite and Shal-
low Water. Proceedings of the 17th International Workshop on Water Waves and
Floating Bodies, Cambridge, UK, p.1-4.

[4] Andrianov A.I. and Hermans A.J. (2002b). Diffraction of Surface Waves by VLFP
on Infinite, Finite and Shallow Water. Proceedings of the International Seminar Day
on Diffraction’ 2002, Saint Petersburg, p.13-23.

[5] Andrianov A.I. and Hermans A.J. (2003a). The Influence of Water Depth on the
Hydroelastic Response of a Very Large Floating Platform. Marine Structures, vol.16,
iss.5, p.355-371.

[6] Andrianov A.I. and Hermans A.J. (2003b). Hydroelasticity of Quarter-Infinite
Plate on Water of Finite Depth. Proceedings of the 18th International Workshop on
Water Waves and Floating Bodies, Le Croisic, France, p.1-4.

[7] Andrianov A.I. and Hermans A.J. (2004). Hydroelasticity of Elastic Circular
Plate. Proceedings of the 19th International Workshop on Water Waves and Floating
Bodies, Cortona, Italy, p.7-10.

[8] Andrianov A.I. and Hermans A.J. (2005a). Hydroelasticity of a Circular Plate
on Water of Finite or Infinite Depth. Journal of Fluids and Structures, vol.20, iss.5,
p.719-733.

[9] Andrianov A.I. and Hermans A.J. (2005b). Hydroelastic Behavior of a Floating
Ring-Shaped Plate. Journal of Engineering Mathematics, accepted.

[10] Andrianov A.I. and Hermans A.J. (2005c). Hydroelastic Analysis of Floating
Plate of Finite Draft. Proceedings of the 20th International Workshop on Water Waves
and Floating Bodies, Longyearbyen, Spitsbergen, Norway, p.13-16.

145



146 BIBLIOGRAPHY

[11] Athanassoulis G.A. and Belibassakis K.A. (1999). A Consistent Coupled-
Mode Theory for the Propagation of Small-Amplitude Water Waves over Variable
Bathymetry Regions. Journal of Fluid Mechanics, vol.389, p.275-301.

[12] Babich V.M. and Buldyrev V.S. (1990). Short-Wavelength Diffraction Theory.
Springer-Verlag, Berlin, 445p.

[13] Babich V.M. and Kirpichnikova N.Ya. (1979). The Boundary-Layer Method in
Diffraction Problems. Springer-Verlag, Berlin, 140p.

[14] Ballard R.D. (2001). Adventures in Ocean Exploration. National Geographic So-
ciety, Washington, 288p.

[15] Balmforth N.J. and Craster R.V. (1999). Ocean Waves and Ice Sheets. Journal
of Fluid Mechanics, vol.395, p.89-124.

[16] Belibassakis K.A. and Athanassoulis G.A. (2004). Three-Dimensional Green’s
Function for Harmonic Water Waves over a Bottom Topography with Different Depths
at Infinity. Journal of Fluid Mechanics, vol.510, p.267-302.

[17] Belibassakis K.A. and Athanassoulis G.A. (2005). A Coupled-Mode Model for
the Hydroelastic Analysis of Large Floating Bodies over Variable Bathymetry Regions.
Journal of Fluid Mechanics, vol.531, p.221-249.

[18] Cheung K.F., Phadke A.C., Smith D.A., Lee S.K and Seidl L.H. (2000). Hy-
drodynamic Response of a Pneumatic Floating Platform. Ocean Engineering, vol.27,
iss.12, p.1407-1440.

[19] Chung H. and Linton C.M. (2003). Interaction between Water Waves and Elastic
Plates. Proceedings of the 18th International Workshop on Water Waves and Floating
Bodies, Le Croisic, France, p.37-40.

[20] Churchill R.V. (1958). Operational Mathematics. McGraw-Hill Book Company,
New York, 337p.

[21] Colton D. (1988). Partial Differential Equation (An Introduction). The Random
House, New York, 308p.

[22] Colton D. and Kress R. (1983). Integral Equation Methods in Scattering Theory.
John Wiley & Sons, New York, 272p.

[23] Davis J.L. (2000). Mathematics of Wave Propagation. Princeton University Press,
Princeton, 395p.

[24] Dingemans M.W. (1997). Water Wave Propagation over Uneven Bottoms. Part I.
Linear Wave Propagation. World Scientific, Singapore, 471p.

[25] Dingemans M.W. (1997). Water Wave Propagation over Uneven Bottoms. Part II.
Non-linear Wave Propagation. World Scientific, Singapore, 495p.



BIBLIOGRAPHY 147

[26] Doetsch G. (1950). Handbuch der Laplace-Transformation, Part I. Birkhäuser Ver-
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Summary

Hydroelastic Analysis of Very Large Floating Structures

Alexey Andrianov

Due to the growth of their population, urban development and the corresponding
expansion of land use, several countries have decided to build artificial islands in the sea
space (and other water space) to decrease the pressure on the heavily used land space. The
traditional method, reclamation of the land from the sea, is already widely applied, but
there is also an attractive new alternative: construction of very large floating structures,
proposed by researchers, naval and civil architects and engineers. Very large floating
structures can and are already being used for storage facilities, industrial space, bridges,
ferry piers, docks, rescue bases, breakwaters, airports, entertainment facilities, military
purposes, even habitation, and other purposes. The floating structure can be speedily
constructed, exploited, and easily relocated, expanded, or removed. These structures are
reliable, cost-effective, and environmentally friendly floating artificial islands, that obey
multistage reliability principle.

The subject of this thesis is hydroelastic analysis of a very large floating structure, i.e.,
the study of the motion of a floating structure and its response to surface water waves.
The main idea in the concepts proposed is to build a very large mat-like structure whose
thickness is very small compared to its horizontal length parameters. Various problems
of the interaction between this very large floating structure and water waves are treated
in the thesis. The main objective of our study is to derive an analytical solution and
numerical results for various shapes and dimensions of the floating plate. The geometrical
sketches of the plate considered are rectangular and arbitrary horizontal planforms.

The plate deflection and free-surface elevation, which are the vertical displacements in
the plate and the open-water regions, respectively, and the reflection and transmission of
water waves are studied using different theories of applied mathematics, mechanics and
hydrodynamics, e.g., water wave propagation and diffraction theories, Kirchhoff’s theory
of thin plates, and the Green’s theorem. New approaches for the hydroelastic analysis
of the VLFSs are proposed; they are based on a general integro-differential equation
method, which is developed in chapter 2 and applied in the following chapters, and on
the geometrical-optics approach, the ray method (chapter 6), and the Lindstedt method
(chapter 7). Three different models of water depth are considered: shallow water for a
floating structure quite close to the shore, the general and universal case of finite water
depth, which is of main interest, and ’infinitely’ deep water for structures located far into
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the open sea.
The problem background and introduction, literature survey and information on cur-

rent and future floating structures are given in chapter 1. Chapter 2 describes the general
theory, the basic equations and conditions, introduces and formulates particular problems
considered, and proposes a method of solution. The problems for the following models
and horizontal shapes of a very large floating platform are solved in the thesis: a semi-
infinite plate and a strip of infinite length in chapter 3, a circular plate in chapter 4, a
ring-shaped plate in chapter 5, a quarter-infinite plate in chapter 6, and a plate of finite
thickness in chapter 7. Analytical solutions together with representations and operations
for specific cases are described in the corresponding chapters. Chapters 3–7 also give con-
cluding remarks, possible method extensions and suggestions for other plate planforms.
General conclusions, recommendations and a discussion on very large floating structures
in and of the future are given in chapter 8. Numerical results are obtained for practically
important and relevant situations for different values of wavelength, water depth, plate
characteristics and other physical parameters of the problem.

The research carried out in the thesis may be applied to predict the behavior of floating
structures and their hydroelastic response to water waves. Also the interaction between
large ice sheets or fields and surface waves can be described with the method presented.



Samenvatting

Hydroelastische analyse van zeer grote drijvende struc-
turen

Alexey Andrianov

Verscheidene landen hebben, wegens groei van de bevolking, stedelijke ontwikkeling en
overeenkomstige uitbreiding van het gebruikte land, beslist de ruimte op zee (en andere
waterruimte) te gebruiken om kunstmatige eilanden aan te leggen om de druk op intensief
gebruikte landruimte te verminderen. Dit kan op een traditionele manier worden gedaan,
terugwinning van het land op de zee, tegenwoordig breed toegepast, of op een nieuwe
aantrekkelijke alternatieve manier: bouw van zeer grote drijvende structuren, voorgesteld
door onderzoekers, maritieme en civiele ingenieurs. De zeer grote drijvende structuren
kunnen en worden reeds gebruikt voor opslagfaciliteiten, industriële ruimte, als bruggen,
ferry pieren, dokken, noodhavens, golfbrekers, luchthavens, vermaak faciliteiten, voor mil-
itaire doeleinden, wonen, en andere doeleinden. De drijvende structuur kan snel worden
geconstrueerd, geëxploiteerd, en gemakkelijk worden verplaatst, uitgebreid of verwijderd.
Deze drijvende kunstmatige eilanden zijn betrouwbaar, voldoen ook een ’multilevel’ be-
trouwbaarheidsprincipe, rendabel en milieuvriendelijk.

Het onderwerp van dit proefschrift is een hydroelastische analyse van een zeer grote
drijvende structuur, i.e. de studie van de bewegingen van een drijvende structuur en zijn
reactie op oppervlaktewatergolven. Het belangrijkste idee in voorgestelde concepten is
een zeer grote mat-vormige structuur te bouwen waarbij de dikte van de structuur zeer
klein is in vergelijking met de horizontale lengteparameters. Diverse problemen van de
interactie tussen de zeer grote drijvende structuur en watergolven worden behandeld in
het proefschrift. De belangrijkste doelstelling van onze studie is een afleiding van een
analytische oplossing met numerieke resultaten voor diverse vormen en afmetingen van
de drijvende plaat. De beschouwde horizontale geometrie van de plaat is rechthoekig of
willekeurig.

De deflectie van de plaat en de vrije-oppervlakteverhoging, welke respectievelijk de
verticale verplaatsingen van de plaat en van de open-watergebieden zijn de terugkaatsing
en de transmissie van watergolven worden bestudeerd met gebruik van verschillende the-
orieën uit de toegepaste wiskunde, mechanica en hydrodynamica, zoals de propagatie en
de diffractietheorieën van watergolven, Kirchhoff theorie van dunne platen, Greense the-
orema’s. Nieuwe benaderingen voor de hydroelastische analyse van drijvende structuren
worden voorgesteld; zij zijn gebaseerd op een algemene integraal-differentiaal vergelijk-
ing methode, die in hoofdstuk 2 wordt ontwikkeld en in het volgende hoofdstukken wordt
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toegepast, de geometrische optica benadering, stralenmethode (hoofdstuk 6), en Lindstedt
methode (hoofdstuk 7). Drie verschillende gevallen van waterdiepte worden beschouwd:
ondiep water wanneer de drijvende structuur dichtbij de kust is, het algemene geval van
eindige waterdiepte (het moelijkste en belangrijkste geval), en ’oneindig’ diep water wan-
neer de structuur zich in open zee ver van de kust bevindt.

De probleem achtergrond en inleiding, het literatuur onderzoek en informatie over
bestaande en voorgestelde drijvende structuren worden gegeven in hoofdstuk 1. Ver-
volgens beschrijft de auteur in hoofdstuk 2 de algemene theorie, basis vergelijkingen en
voorwaarden, inleiding en formulering van speciale gevallen, voorgestelde methode van
oplossing. De problemen voor de volgende vormen van het zeer grote drijvende platform
worden opgelost in het proefschrift: een half-oneindige plaat en een strook van oneindige
lengte in hoofdstuk 3, een cirkelplaat in hoofdstuk 4, een ringvormige plaat in hoofdstuk
5, een kwart-oneindige plaat in hoofdstuk 6, een plaat van eindige dikte in hoofdstuk
7. Hoofdstukken 3–7 geven naast analytische oplossingen, mogelijke methode uitbreidin-
gen en suggesties voor andere plaatvormen, en ook numerieke resultaten; de numerieke
resultaten zijn verkregen voor in de praktijk belangrijke en relevante situaties voor ver-
schillende waarden van de golflengte, waterdiepte, kenmerken van het platform en andere
parameters van dit probleem. In hoofdstuk 8 staan algemene conclusies, aanbevelingen
en bespreking van zeer grote drijvende structuren in en voor toekomst.

Het onderzoek dat in het proefschrift is uitgevoerd, kan worden toegepast om het
gedrag van drijvende structuren en hun hydroelastische reactie op watergolven te voor-
spellen. De interactie tussen grote ijsbladen of ijsgebieden en oppervlaktegolven kan ook
met gebruik van de voorgestelde methode worden beschreven.
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